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Abstract
Laminated paperboard is one of the most common packaging materials in industry. Its
relatively low price, sustainability and straightforward manufacturing process make it an
attractive packaging material. This material exhibits a highly anisotropic mechanical be-
havior due to its manufacturing process. Its elastic as well as its inelastic properties, such
as initial yield point, strain hardening, and tensile failure, become direction dependent. To
obtain an accurate prediction of paperboard packaging, it is essential to perform studies on
two aspects, namely the paper sheet anisotropic behavior and the interface delamination
between different layers. The aim of this study is to describe the anisotropic behavior of
the paper sheet with an orthotropic elastic-plastic model and characterize the interface
fracture behavior with a cohesive zone model.
Paper is in general composed of a bonded fiber network. It is well known that the
macroscopic mechanical properties of composites can be strongly influenced by the spatial
distribution of the fiber orientation. In order to evaluate this influence, a microsphere-
based homogenization approach was proposed, in which the passage from microstructural
contributions to the macroscopic response was obtained by integration over the surface of
a unit microsphere. The results illustrated the effects of the degree of fiber misalignment
on the predicted overall properties.
In order to further investigate the nonlinear anisotropic behavior of paper, a structural
tensor-based approach was applied to model the elastic deformation, while a multi-surface
based yield criterion was adopted to describe the yield behavior. The model incorporated
nonlinear kinematic and isotropic hardening to capture the anisotropic hardening effect.
In the experiment, the compressive yield stress was found to be insensitive to the previous
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tensile deformation. With the material parameters calibrated from a set of simple uniaxial
tests in various directions, the model was shown to predict the stress-strain behavior for
other orientations satisfactorily. The model was further validated with a punch test and
found to capture the highly anisotropic, elastic-plastic behavior accurately.
In order to experimentally and numerically investigate the interface fracture behavior
in pure opening mode (mode I) and sliding mode (mode II), four experimental tests have
been evaluated and compared to the numerical simulation, namely, the z-directional tensile
test (ZDT), double-notch shear test (DNS), double-cantilever beam test (DCB) and end-
notched flexure test (ENF). It was shown that, for the paperboard specimens tested, the
ZDT test was sufficient to fully characterize the mode I crack growth response. However,
the DNS and ENF tests were required to determine the maximum shear stress and the
fracture toughness of pure mode II, respectively. The further mixed-mode investigation
would enable the analysis of paperboard delamination behavior during the creasing and
folding process.
Kurzfassung
Laminierter Karton ist eines der gebra¨uchlichsten Verpackungsmaterialien in der Indus-
trie. Sein relativ niedriger Preis, seine Nachhaltigkeit und der einfache Fertigungsprozess
machen ihn zu einem attraktiven Verpackungsmaterial. Dieses Material weist aufgrund
seines Herstellungsprozesses ein stark anisotropes mechanisches Verhalten auf. Sowohl die
elastischen, wie auch die inelastischen Eigenschaften, wie Fließgrenze, Dehnungsha¨rtung
und Zugversagen, sind im Allgemeinen richtungsabha¨ngig. Um eine genaue Vorhersage
des mechanischen Verhaltens von Kartonverpackungen zu erhalten ist es unerla¨sslich Stu-
dien zu zwei Aspekten durchzufu¨hren, na¨mlich des anisotropen Verhaltens der einzelnen
Papierschicht und der Delamination verschiedener Schichten. Ziel dieser Studie ist es, das
anisotrope Verhalten der Papierschicht mit einem orthotropen elastisch-plastischen Modell
und das Schnittstellenversagen mit einem Koha¨sivzonenmodell zu modellieren.
Papier besteht im Allgemeinen aus einem Netzwerk untereinander verbundener Fasern.
Es ist wohlbekannt, dass die makroskopischen mechanischen Eigenschaften derartiger Ver-
bundwerkstoffe durch die ra¨umliche Verteilung der Faserorientierung stark beeinflusst wer-
den. Um diesen Einfluss zu bewerten, wurde ein mikrospha¨renbasierter Homogenisierungs
Ansatz vorgeschlagen, bei dem der U¨bergang von mikrostrukturellen zu makroskopis-
chen Eigenschaften durch Integration u¨ber die Oberfla¨che einer Einheitskugel verwirklicht
wurde. Die Ergebnisse verdeutlichen die Effekte des Ausmaßes des Faserrichtungsfehlers
auf die vorhergesagten Gesamteigenschaften.
Um das nichtlineare anisotrope Verhalten von Karton weiter zu untersuchen wurde ein
Ansatz mittels Strukturtensoren gewa¨hlt, um das elastische verhalten zu modellieren. Um
das Fließverhalten zu charakterisieren wurde eine Fließfunktion basierend auf dem Ansatz
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multipler Fließfla¨chen verwendet. Das Modell beinhaltet zudem eine nichtlineare kinema-
tische und isotrope Verfestigung, um die anisotrope Verfestigung zu beschreiben. Experi-
mente zeigten, dass die Druckfließspannung nicht von vorheriger Zugbelastung beeinflusst
wird. Mit experimentellen Daten aus uniaxialen Tests in verschiedenen Faserrichtungen
zeigte das Modell eine gute Vorhersage fu¨r Spannungs-Dehnungsbeziehungen auch in an-
dere Faserrichtungen. Zudem wurde das Modell an einem Stanzversuch validiert und zeigte
dort eine gute U¨bereinstimmung mit dem hochgradig anisotropem elasto-plastischen Ma-
terialverhalten.
Um das Bruchverhalten der Grenzfla¨che fu¨r den Risso¨ffnungsmodus (Modus I) und den
Gleitmodus (Modus II) zu untersuchen wurden vier Versuche durchgefu¨hrt und simuliert.
Diese waren ein Zugversuch in z-directional tensile test (ZDT), double-notch shear test
(DNS), double-cantilever beam test (DCB) und end-notched flexure test (ENF). Es wurde
gezeigt, dass der Versuch ZDT ausreichte, um das Risswachstum in Modus I fu¨r die ver-
wendeten Proben komplett zu beschreiben. Der DNS und der ENF Versuch waren no¨tig,
um die maximale Scherfestigkeit und die Bruchza¨higkeit fu¨r Mode II berechnen zu ko¨nnen.
Untersuchungen des Verhaltens fu¨r gemischte Moden wu¨rden die Analyse des Delamina-
tionsverhaltens bei Rill- und Faltprozess ermo¨glichen.
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1. Introduction
1.1. Motivation
Laminated paperboard is one of the most common packaging materials in industry. Its
relatively low price, sustainability and straightforward manufacturing process make it an
attractive packaging material. Depending on the specific requirement, it can be easily
designed as a single layer paper or multi-layer sandwich structure.
This material exhibits a highly anisotropic mechanical behavior due to its manufactur-
ing process; including anisotropic elasticity, initial yielding, strain hardening, and tensile
failure. The paper sheet forming process involves the turbulent flow of a suspension of
water and wood fibers, its filtration and sedimentation on a wire and further mechani-
cal/chemical treatment. The stochastic nature of the drainage process leads to a planar
network structure where the fibers are more oriented in the machine direction (MD) than
in the cross-machine direction (CD), while nearly no fibers are directed in the out-of-plane
direction (ZD). To produce the paper, the wet sheets are further pressed between a pair of
rolls and then heated with hot cylinders to remove the remaining water. In this process,
hydrogen bonds can form at adjacent fiber surfaces. This is done so that all cellulose fibers
and fiber segments will be adhered to each other by mechanical interlocking and chemical
bonding [Schmied et al., 2013]. Therefore, the paper is in general composed of a network
of bonded cellulose fibers.
The planar fiber orientation can be seen from an in-plane surface scanning electron mi-
croscopic (SEM) image of an industry made paper sheet used for this study in Figure 1.1(a).
The fiber itself is usually a tubular composite comprising a wall and some other substruc-
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(a) Top view micrograph. (b) Cross-sectional view.
Figure 1.1.: SEM picture of the paperboard.
tures, as shown in an out-of-plane SEM image (Figure 1.1(b)). These characteristics lead
to a quite different macro response in the in-plane direction and the out-of-plane direction.
Although the fiber type and manufacturing process of paper varies, its general mechanical
behavior remains similar. The paper is classically characterized as an orthotropic material.
Its principal directions commonly coincide with the MD, CD, and ZD (Figure 1.2). Due
to the fiber orientation distribution, the magnitude of mechanical properties in MD can
be up to five times higher than that in CD, and up to 100 times higher than that in ZD.
Figure 1.2.: Principal directions of paper and paperboard: machine direction (MD), cross-
machine direction (CD), and out-of-plane direction (ZD).
For laminated paperboard used in packaging, several of these paper sheets are bonded
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together with starch or adhesives. In order to achieve high bending stiffness but low
grammage at the same time, paperboard usually consists of strong front (top) and bottom
(back) layers with high density and a low-density bulky midlayer. Figure 1.3 shows a
typical laminated paperboard structure, which is used for analysis in this study. Most
commercially available paperboards have a thicknesses in the range 0.20-0.50 mm, where
the outer layers have thickness of 0.07-0.12 mm [Huang et al., 2014]. In order to appeal
to customers, there must be well-defined edges and corners and an attractive, undamaged
outer layer in the final paperboard package. Consequently, paperboard is usually designed
to have a weak midlayer or interface so as to give a well-defined delamination zone in the
forming process.
In industry, almost all paperboard packaging includes a creasing operation to obtain a
locally deformed zone and a subsequent folding process to form the final box. The quality
of folds and the likelihood of cracking of the outer surface layer depend on the prefabri-
cated fold lines made by the creasing operation. During this operation, the paperboard
is pressed into a channel by a creasing rule to obtain a locally deformed zone. A good
crease introduces delamination in the deformed zone to locally reduce its bending stiffness,
which increases the ease of folding. In the subsequent folding process, the outer layers of
paperboard are loaded in-plane tension while the inner layers are in compression, and the
delamination is further developed until reaching the pre-defined shape. During the whole
creasing and folding processes, most of the delamination occurs at the interfaces between
different layers of the paperboard. Therefore, the interface delamination plays a crucial
role. Deep drawing is another attractive way to shape plates, trays and similar products
[O¨stlund et al., 2011]. The deformation in the deep drawing process is even more complex,
which usually introduces positive longitudinal strain but negative transversal strain.
Conclusively, all the paperboard packaging operations include a complex loading-unloading-
reloading deformation, leading to some common defects such as cracking, buckling, spring-
back, and so on. To obtain an accurate prediction of these operations, it is essential to
perform studies on two aspects, namely the paperboard anisotropic behavior and the inter-
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Figure 1.3.: Microscopic picture and schematic of the paperboard [Li et al., 2016b].
face delamination between different sheets. However, in the packaging industry, the trial
and error approaches are still commonly used for both of the design and manufacturing
process. The mechanical tests are conducted to characterize the strength parameters of
each paper layer and the internal bond, rather than the details on the stress-strain behav-
ior. This information cannot provide a sufficient description of the mechanical behavior.
Particularly, systematic studies of the delamination of paperboard are rarely found in the
literature. The analytical and numerical models with the ability to capture the mechanical
behavior of paperboard will enable the optimization of the aforementioned forming pro-
cesses. This computational way will spare the expensive and laborious experimental effort
to make the whole process extremely beneficial and cost effective. As a consequence, in or-
der to simulate the paperboard operation processes accurately, it is important to properly
describe the stress-strain relations of each paper sheet and the interface under complex
loadings.
Therefore, the aim of this study is to experimentally and numerically investigate the
constitutive behavior of the paper sheet and the interface. Permanent deformations can
be observed after unloading, indicating a typical elastic-plastic behavior. For modeling
the sheet, a micro-sphere based homogenization approach and a structural tensor-based
approach was applied to model the elastic deformation, while a multi-surface based yield
criterion was adopted to describe the yield behavior. All the constitutive equations were
derived based on the second law of thermodynamics. Furthermore, the interface delam-
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ination was described using a cohesive zone model (CZM) with the material parameters
characterized from four experimental tests, namely, the z-directional tensile test (ZDT),
double-notch shear test (DNS), double cantilever beam test (DCB) and end notched flexure
test (ENF).
1.2. State of the Art
As previously mentioned, the investigations on paper and paperboard are categorized into
two aspects, namely the sheet anisotropic behavior and the interface delamination between
different layers. This section provides a brief introduction to related studies, while more
details is reviewed in the next three chapters before the proposed models are introduced.
1.2.1. Mechanical Model of Paper
There are generally two different modeling strategies used to describe the anisotropic
mechanical behavior of paper and paperboard. The first category of approach is based on
the micromechanical models. Here, the overall material response is predicted by performing
analysis on the generated network, with its mechanical properties being strongly controlled
by fiber-fiber interactions and single fiber properties [Borodulina et al., 2016, Hirn, 2015,
Magnusson and O¨stlund, 2013, Magnusson et al., 2013]. Different methods have been
developed to generate the artificial fiber network, see e.g. [Bronkhorst, 2003, Kulachenko
and Uesaka, 2012, Lavrykov et al., 2012, Sliseris et al., 2014]. These methods explicitly took
into account the statistical distribution of the fiber orientation and geometry. The paper
structure can be built as a 2D (e.g. [Bronkhorst, 2003, Lee and Jasiuk, 2013, Liu et al.,
2010, 2011, Stro¨mbro and Gudmundson, 2008a,b]) or 3D fiber network (e.g. [Borodulina
et al., 2016, Karakoc¸ and Paltakari, 2017, Sliseris et al., 2016]). All 2D network models
are easy to build and analyze, but several issues render their applicability of questionable
value for paper materials. For instance, it is impossible to evaluate the thickness and the
density of the virtual network. Also, the predictions always seriously overestimate the
overall stiffness due to the overestimation of the number of inter-fiber bonds.
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Instead, full 3D network models with prescribed thickness and apparent density provide
a more realistic representation of the paper structure and accurate estimation of the bonds.
There have been a number of studies on the methods for creating 3D fiber network structure
as discussed in detail by Alava and Niskanen [2006], Lavrykov et al. [2012]. Afterward, the
numerical simulation is conducted on the constructed network to predict the strength and
stress-strain behavior by using the finite element method (FEM). Each fiber is represented
as a series of beam or solid elements with either solid or hollow cross-sections. Furthermore,
the inter-fiber bonds are considered to be either rigid or flexible, which was studied by e.g.
Borodulina et al. [2012], Ha¨gglund and Isaksson [2008], Kulachenko and Uesaka [2012],
Liu et al. [2011], Ostoja-Starzewski and Stahl [2000]. The existing network models are
generally reliable to predict the macro-mechanical properties of paper sheet qualitatively
in the elastic, the viso-elastic, and the elastic-plastic range. Within this framework, it
is convenient to evaluate the effect of fiber and bond strength variations, for instance,
resulted from the moisture and temperature change, on the mechanical behavior of paper
sheet [Joffre et al., 2016]. Therefore, this approach makes it possible to interpret the
hygro-expansive behavior of paper, which is a moisture induced deformation phenomenon
affected by the temperature, see e.g. [Johnson et al., 2015, Selle´n and Isaksson, 2014].
This kind of network models provides sight into the detailed deformation at the microscale
level, such as the strain localization behavior and the strength statistics, but leads to high
computational cost.
An alternative approach to predicting the overall macro-mechanical properties of the
fiber network is based on the orientation averaging, see e.g. [Bosco et al., 2015a,b, 2016,
Ramasubramanian and Wang, 2007]. The basic framework to address this problem is first
to describe the micro-geometries by use of the orientation distribution function (ODF)
of the fibers, whose parameters can be determined experimentally. Next, orientated av-
eraging of the appropriate tensors is performed, which, in general, can be done via di-
rect analytical or numerical integrations. This kind of orientation averaging procedure
has been employed within several different methods, namely, the Mori-Tanaka mean field
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approach [Benveniste, 1987], the High-Fidelity Generalized Method of Cells (HFGMC)
[Aboudi et al., 2013], and the microsphere model. This orientation averaging method has
also been adopted to analyze the hygro-expansive properties of paper sheet, see e.g. [Bosco
et al., 2016, Ramasubramanian and Wang, 2007].
The second category of models used to describe the anisotropic mechanical behavior
of paper is the more common continuum model. In the literature, several material mod-
els have been proposed to describe the elastic-plastic behavior of paper and paperboard.
For example, a multi-surface based yield criterion has been proposed by Borgqvist et al.
[2014, 2015, 2016], Wallmeier et al. [2015], Xia et al. [2002] to describe the elastic-plastic
anisotropy of the material. Particular interest has been given on modeling the out-of-plane
deformation behavior, which shows a large deformation range, a densification effect, and
an internal friction effect, see e.g. [Girlanda et al., 2016, Ha¨ma¨la¨inen et al., 2017, Nyg˚ards,
2009, Nyg˚ards et al., 2007, Stenberg, 2003, Tjahjanto et al., 2015]. Alternative approaches
describe the yield surface based on the Tsai-Wu criterion, see e.g. the model proposed
by Harrysson and Ristinmaa [2008]. However, most investigations into the paperboard
creasing, folding and cutting processes have used comparatively simple yield criterions
generally available in commercial codes or empirical formulas to describe the onset of
yield and plastic flow, e.g. in [Beex and Peerlings, 2009, Huang and Nyg˚ards, 2011, Li
et al., 2014, Nagasawa et al., 2003]. Furthermore, the damage region is found to reach
considerable sizes prior to structural failure. Hence, many studies have been performed to
describe the damage onset and evolution by cohesive zone models (CZM) [Isaksson and
Ha¨gglund, 2007, Isaksson et al., 2006, Ma¨kela¨ and O¨stlund, 2012, Tryding and Ristinmaa,
2017, Tryding et al., 2016, Zechner et al., 2013].
Since both moisture and temperature significantly affect the mechanical properties of
paper, there have been a number of efforts to develop the moisture- and temperature-
dependent constitutive model, see e.g. [Erkkila¨ et al., 2013, 2015a,b, Lavrykov and Ra-
marao, 2012, Lavrykov et al., 2013, Leppa¨nen et al., 2005, Lipponen et al., 2008, Zapata
et al., 2013]. However, few of them take into account of the combined effects of moisture
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and temperature. Recently, Linvill and O¨stlund [2014], Linvill [2016] experimentally and
numerically studied the effects of moisture and temperature on the material parameters
introduced in an elastic-plastic model.
1.2.2. Interface Delamination of Paperboard
In multi-ply paperboards, the different sheets are bonded to each other by starch (fiber
bonding) or adhesive materials (adhesive bonding). Either way, interfaces normally in-
troduce weaker regions in the thickness direction, which are essential to maintaining good
folding of paperboard. Many methods have been developed to characterize the interlaminar
strength of paperboard, such as the z-directional tensile test (ZDT), the wheal delamina-
tion test (WDT), and the Scott bond test (SBT) [Conde et al., 2012, Fellers et al., 2012,
Koubaa and Koran, 1995]. Since the paperboard delamination can be described reasonably
using a cohesive zone model, the challenge lies in the interface properties characterization
under pure modes.
The paperboard usually develops a relatively extensive fracture process zone due to
the pronounced fiber bridging in the wake of the crack tip. Such zones can significantly
increase the energy release rate because the bridging length is comparable to or exceeds
the thickness of paperboard. The presence of fiber bridging complicates the interface
measurements for several reasons. The main reason is that the fiber bridging makes it
difficult to visually identify the crack tip and measure crack lengths; these lengths are
needed for data reduction. This issue was overcome by measuring the strain field ahead
of the crack tip using digital image correlation (DIC) methods. For example, Matsumoto
and Nairn [2009], Mohammadi and Nairn [2014] used this method to study the crack
behavior of medium density fiberboard (MDF) and wood under mode I loading. Xavier
et al. [2014a,b] coupled DCB and ENF tests with DIC method to directly identify the
mode I and mode II cohesive laws of Pinus pinaster, respectively. Other related studies
on wood fracture are referred to Pitti et al. [2014], Toussaint et al. [2016].
Another valid approach was to measure the strains developed in the specimen dur-
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ing delamination by incorporating fiber Bragg grating sensors and then calculating the
bridging tractions through an inverse-numerical approach. Sorensen et al. [2007] adopted
this method to extract the mode I cohesive law of fiber reinforced polymers (FRP). This
approach could not be used to study the fiber bridging phenomenon in the natural compos-
ites as the sensors need to be embedded during fabrication. Furthermore, for identifying a
given softening law, it was possible to avoid the crack growth measurement by fitting the
numerical and experimental load-displacement curves. This process did not always give
a unique solution, although it provided a good agreement between numerical simulation
and experiments in de Morais et al. [2015], de Moura et al. [2008]. Furthermore, instead
of practical experiments, Canal et al. [2017] recently developed a micromechanical model
to simulate the fiber bridging effect in the DCB test in order to extract the cohesive law.
In the literature, most of measurements indicate that the trilinear cohesive law can de-
scribe the fiber bridging effect under pure mode loading [Andreasson et al., 2014, Coureau
et al., 2013, Farmand-Ashtiani et al., 2015, Li et al., 2005, 2006, Mirzaei et al., 2016, Morel
and Dourado, 2011]. The behavior of this model is characterized by a linear initial part in
which the traction rapidly increases with the applied separation and by a second region,
representing the damage, in which the traction decreases following two lines with different
slopes down to zero. However, the direct extension of such cohesive law to mixed mode
shows several limitations. First of all, since the kink point in the damage softening region
highly depends on the crack mode mixity, it is difficult to identify these parameters under
mixed mode loading. Additionally, it might not properly predict the delamination behavior
in a mixed mode bending (MMB) test when obvious fiber bridging occurs [Borotto, 2016].
To reasonably simulate the mixed mode crack, Borotto [2016] modified the cohesive law
by introducing a mode mixity indicator, but this treatment at the same time complicated
the parameter identification process.
Alternatively, the exponential type cohesive models [Ma¨kela¨ and O¨stlund, 2012, Mc-
Garry et al., 2014, Shahverdi et al., 2013, Svensson et al., 2014, Tryding and Ristinmaa,
2017] and polynomial cohesive models [Park et al., 2009] can be used to represent the non-
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linear cohesive properties. The advantage of the exponential type cohesive models is that
the exponential function is continuous for both of the traction and its derivative, which
is attractive from computational point of view. Recently, Dimitri et al. [2015], Park and
Paulino [2011], Park et al. [2016] assessed a few such models and addressed their advan-
tages and disadvantages. In general, these models can be classified into potential-based
models and non-potential-based models. The non-potential-based models may not provide
a monotonic decrease of cohesive traction with the increase of damage across fracture sur-
faces and they cannot account for all possible separation paths within the softening region
as discussed in [Park et al., 2016].
1.3. Outline of the Dissertation
The remainder of the dissertation is organized as follows. The following three chapters are
three published journal papers, respectively. Chapter 2 presents a microsphere methodol-
ogy to investigate the macroscopic mechanical properties of unidirectional composites in
the presence of a distribution of fiber orientation. A microsphere-based homogenization
procedure based on the assumption of von Mises distribution of fibers orientation is pro-
posed. To employ the microsphere method, the first step is to find the one-dimensional
constitutive models aiming to reflect the basic mechanical properties, and then the overall
mechanical behavior is determined by averaging the energy density over different space ori-
entations. Furthermore, Reese’s structural tensor-based material model and the HFGMC
micromechanical model are introduced for comparison. In the end, three examples are
presented to validate and evaluate the predicted initial stiffness.
In Chapter 3, an elastic-plastic model is developed to describe the experimentally ob-
served behavior. Both tensile and compression tests are first conducted on the paper,
with DIC system providing information about the axial and lateral strain during tension.
Then, a general in-plane elastic-plastic constitutive model is proposed to describe the ex-
perimentally observed behavior of paper. The elastic deformation is modeled by adopting
the structural tensor concept, while the yield criterion proposed by Xia et al. [2002] is
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modified to describe the yield surface. The model incorporates nonlinear kinematic and
isotropic hardening to capture the anisotropic hardening effect. Further, a straightforward
calibration procedure is presented to show the physical meaning of the material parame-
ters in the elastic part and also the internal variables in the plastic part. Finally, with the
fitted parameters, a punch test is used to validate the model by comparing the obtained
strain fields as well as the punch force-displacement curves.
The aim of Chapter 4 is to experimentally and numerically investigate the interface
fracture behavior in pure opening mode (mode I) and sliding mode (mode II). Four experi-
mental tests are evaluated and compared to numerical simulation, namely, the z-directional
tensile test (ZDT), double-notch shear test (DNS), double-cantilever beam test (DCB) and
end-notched flexure test (ENF). The paperboard is first glued to plastic or metal platens,
and then used to characterize the interface fracture properties under pure mode I and
mode II loading. Afterward, a finite element model (FEM) is created to simulate the
delamination growth during the DCB and ENF tests.
As a conclusion, the results of the dissertation are summarized in Chapter 5. Also
included is a brief outlook.

2. The Effect of Fiber Misalignment on the
Homogenized Properties of Unidirectional
Fiber Reinforced Composites
Y. Li, B. Stier, B. Bednarcyk, J.-W. Simon and S. Reese, The effect of fiber misalignment
on the homogenized properties of unidirectional fiber reinforced composites. Mechanics of
Materials, 92:261-274, 2016. doi: 10.1016/j.mechmat.2015.10.002
[Li et al., 2016c]
As the principal author, Y. Li developed the microsphere methodology, described the
statistical fiber orientation distributions, calculated the macroscopic response both ana-
lytically and numerically, compared the prediction to the experimental results, and wrote
the manuscript. B. Stier performed the experiments on the carbon fiber reinforced plastics
(CFRP) and post processed the testing data. B. Bednarcyk described the High-Fidelity
Generalized Method of Cells (HFGMC) micromechanical model and calculated the initial
elastic stiffness. J.-W. Simon provided the idea of microsphere approach and gave concep-
tual advice on the whole investigation. S. Reese contributed to the discussion of equations
both in microsphere approach and structural tensor-based approach. All authors approved
the publication of the final manuscript.
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2.1. Abstract
Unidirectional fiber-reinforced composites have been widely used over the past several
decades in industry due to their high specific strength and superior fatigue characteris-
tics. In order to predict their overall mechanical properties, typically, a homogenization
procedure is used to relate the constituent properties and the macroscopic behavior, in
which the representative one-dimensional material description is generalized to a fully
three-dimensional constitutive model. The aim of this study is primarily to understand
the influence of fiber misalignment on the effective composite material properties. In or-
der to achieve this, a microsphere based homogenization approach is proposed, in which
the passage from microstructural contributions to the macroscopic response is obtained
by integration over the surface of a unit microsphere. The result is compared with a
micromechanically motivated model and the High-Fidelity Generalized Method of Cells
model. The results illustrate the effects of the fiber misalignment degree in terms of the
concentration dependence of the predicted overall properties. From these findings, elastic
properties can be obtained for the design of composite structures.
2.2. Introduction
Fiber reinforced composite materials are commonly used in the aerospace, automotive, ma-
rine, and construction industries due to their high strength, durability, corrosion resistance
and damage tolerance characteristics. They also provide high adaptability to different sit-
uations because the component materials can be tailored to meet the design requirements.
For most practical analysis of composite structures, effective material properties are used
instead of the individual constituent properties and their geometrical arrangements. How-
ever, these analyses may not be sufficiently accurate if they are performed only at the
macroscopic scale. On the other hand, in most cases practical problems are too complex
and time consuming if handled at microscopic scale only. A compromise approach is what
is well known as multiscale modeling, whose basic task is to design combined macroscopic-
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microscopic computational methods that are much more efficient than solving the full
microscopic model, but at the same time give the information with the desired accuracy
[E et al., 2007, Kanoute´ et al., 2009].
For fiber reinforced composites, most of the homogenization processes found in the
literature deal with fixed-orientation fibers [Aboudi et al., 2013, Simon et al., 2014, Stier
et al., 2014]. However, it is well known that the macroscopic mechanical properties of fiber
reinforced composites can be strongly influenced by the spatial distribution of the fiber
alignment and also show a pronounced direction dependence [Basu et al., 2006]. Such fiber
spatial distribution can often occur due to the production process, such as the resin flow
conditions inside the die for mold-injected fiber reinforced polymers [Kugler and Moon,
2002]. But usually it is impossible to obtain the exact predetermined spatial orientations
of fibers in practice. It is therefore of interest to investigate how the overall properties of
composites are affected by the fiber misalignment from nominal orientations. The basic
framework to address this problem is first to describe the micro-geometries by use of
the orientation distribution function (ODF) of the reinforcements, whose parameters can
be determined experimentally. Next, orientated averaging of the appropriate tensors is
performed, which, in general, can be done via direct numerical integration [Alastrue´ et al.,
2009, Doghri and Tinel, 2005, Gasser et al., 2006, Pettermann et al., 1997].
This kind of orientation averaging procedure has been employed within several differ-
ent methods, namely, the Mori-Tanaka mean field approach [Benveniste, 1987], the High-
Fidelity Generalized Method of Cells (HFGMC) [Aboudi et al., 2013], and the microsphere
model. Pettermann et al. [1997] adopted the Mori-Tanaka micromechanics method to pre-
dict the overall thermoelastic properties of two-phase short fiber reinforced composites de-
scribed by truncated Gaussian distributions. Their study also provided information about
the influence of the fiber orientation distribution on the effective properties and the basic
mechanisms of interaction between the constituents. Bednarcyk et al. [2014] performed
orientational averaging of the concentration tensors within the HFGMC micromechanics
model to predict the effective properties and initial damage surfaces of composites with a
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Gaussian distribution of fiber orientations.
An alternative approach for predicting the mechanical behavior of dispersed materials
is called the microsphere model, also denoted as microplane method, which was originally
proposed by Baz˘ant and Oh [1985]. Miehe et al. [2004] extended this method to finite
deformations and applied it first to rubber-like materials. Menzel and Waffenschmidt
[2009] used the model, with an evolving orientation distribution function, to simulate
remodeling in soft tissues. Murtada et al. [2010] applied the microsphere approach to
analyze smooth muscles, wherein a specialized distribution of the muscle contractile fiber
orientation, as a function of stretch, was employed. Alastrue´ et al. [2009, 2010] used a
pi -periodic von Mises orientation distribution function, and then a Bingham orientation
distribution function, in applying the microsphere model to blood vessels. Waffenschmidt
et al. [2014] have recently incorporated the microsphere approach into a non-local gradient-
based damage model for composites. However, this kind of approach has not been applied
to the carbon fiber and jute fiber reinforced composites considered in this work.
In the present investigation, the microsphere approach is employed to predict the effec-
tive behavior of unidirectional composites, wherein the fibers are assumed to follow a von
Mises orientation distribution. Further, the effects of fiber misalignment on the overall
mechanical properties are fitted to experiments. The great advantage of the microsphere
approach is to develop a sufficient approximation of three-dimensional material behavior
by only considering the uniaxial one. Meanwhile, a micromechanically motivated model
proposed by Reese [2003], Reese et al. [2001b] and the High-Fidelity Generalized Method
of Cells (HFGMC) [Aboudi et al., 2013] are adopted for comparison and validation, along
with experimental data.
The remainder of this paper is organized as follows. In Section 2.3 a brief description of
the microsphere methodology is provided, followed by details on the incorporation of the
statistical fiber orientation distributions and the analytical calculation of initial elasticity
tensor. Section 2.4 illustrates Reese’s anisotropic material model while in Section 2.5 the
HFGMC micromechanical model is described. Tension tests performed on carbon fiber
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reinforced unidirectional composites are described in some detail in Section 2.6. The
results and discussion are presented in the final section.
2.3. Continuum Mechanical Model Based on Microsphere
Approach
To model the anisotropic and hyperelastic constitutive response of composites, a method is
to establish the Helmholtz free-energy function ψ = ψ(C), defined per unit reference vol-
ume, which is also referred to as a strain-energy density function (SEDF). Using the SEDF,
the relation between the second Piola-Kirchhoff stress tensor S and the right Cauchy-Green
tensor C is given by
S = 2
∂ψ(C)
∂C
. (2.1)
The basic concept of the microsphere approach is first to define one-dimensional material
models, which coincide with the representative material directions, and then the overall
mechanical behavior is determined by averaging the energy density over different space
orientations. Accordingly, the first step is to find the one-dimensional constitutive models
aiming to reflect the basic mechanical properties of the composite that result from its
internal constitution, which is addressed in Section 2.3.1. Then, the homogenization pro-
cedure follows to describe the macroscopic response as discussed in Sections 2.3.2 - 2.3.3.
In Section 2.3.4, the initial elasticity tensor is calculated analytically. The final section
gives a brief discussion of the discretization on the unit sphere.
2.3.1. One-dimensional Material Models
From the microstructure characteristics of unidirectional fiber reinforced composites, it is
obvious that there exist two representative directions, namely the longitudinal direction
and the transverse direction. From the rheological point of view, the longitudinal direction
(‖) could be considered as a parallel connection of fiber and matrix in terms of Voigt, while
in the transverse direction (⊥), a series connection of fiber and matrix is set according to
18 2. Eff. Mis. Hom. Uni.
Reuss. In this case, the one-dimensional SEDF for elastic material can be represented by
ψ‖ =
1
2
E‖(λ− 1)2, ψ⊥ = 1
2
E⊥(λ− 1)2, (2.2)
in which
E‖ (λ) = ϕEF (λ) + (1− ϕ)EM (λ) ,
E⊥ (λ) =
[
ϕ
1
EF (λ)
+ (1− ϕ) 1
EM (λ)
]−1 (2.3)
are the Young’s moduli in longitudinal and transverse direction, respectively. The variable
ϕ denotes the fiber volume fraction, and EF and EM denote the Young’s moduli of the
fiber and the matrix, respectively. In the case of nonlinear elasticity, EF and EM can be
written as functions of the stretch λ. For the present investigation, linearly elastic material
behavior is assumed for both fiber and matrix.
2.3.2. Continuum Representation of Distributed Fiber Orientations
To account for the spatial orientation data, the distributed fibers are represented in a
continuum sense, which is characterized by an orientation distribution function (ODF),
ρ (r), in the undeformed configuration with respect to the reference orientation r. The
vector r is an arbitrary unit vector located in three dimensional space, i.e. |r| = 1. Without
loss of generality, the preferred direction of the distribution is assumed to coincide with e3
in Cartesian coordinate system and the fiber distribution is considered to be rotationally
symmetric with respect to this preferred direction. Thus this kind of distribution results in
a transversely isotropic character of the overall response of the material. The ODF ρ (r) is
then only dependent on θ, which denotes the rotation angle from e3 to r, i.e. ρ (r)→ ρ (θ).
Apart from the symmetry requirement ρ (r) = ρ (−r), the ODF is also assumed to be
normalized, such that
1
4pi
∫
U2
ρ (r) dA = 1, (2.4)
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where U2 is the unit sphere surface and θ ∈ [0, pi]. Eq. (2.4) then reduces to
∫ pi
0
ρ (θ) sin θ dθ = 2. (2.5)
Another requirement for ODF is it should involve both limit cases of the local longitu-
dinal and transverse directions, i.e. random distribution and perfect alignment. But the
second limit case is different for these two local directions. Because in this case, all local
transverse directions are randomly oriented in a plane, while all local longitudinal direc-
tions are aligned in one direction. Therefore, two different ODFs are required to describe
these two kinds of distribution, respectively.
Further details can be found in [Gasser et al., 2006]. Following these requirements,
the standard von Mises distribution function, which characterizes a symmetric circular
distribution, is selected and modified to be pi - periodic and centered at θ = 0 for the
micro longitudinal and transverse directions’ ODF (Figure 2.1), respectively (see A.1),
i.e.,
ρ‖ (θ) =
2
√
2b√
pi
eb cos(2θ)+b
erfi
(√
2b
) , (2.6)
ρ⊥ (θ) =
2
√
2b√
pi
e-2b(cos θ)
2
erf
(√
2b
) . (2.7)
Here b > 0 is the concentration parameter associated with the von Mises distribution.
Figure 2.2 is a graphical representation of the ODF, defined by Eq. (2.6) and Eq. (2.7),
in which the surface is plotted by the apex of the vector ρ (θ). The function erfi (x) =
−i erf (x) denotes the imaginary error function, with erf (x) given by
erf (x) =
2√
pi
∫ x
0
e−t
2
dt. (2.8)
The upper limit of the concentration parameter b, i.e. b → ∞, describes the ideal
alignment of fibers. In this case, ρ‖ (θ) and ρ⊥ (θ) are equivalent to the Dirac delta function
20 2. Eff. Mis. Hom. Uni.
centered at θ = pi/2 and θ = 0. The ODF then represents the case where all micro
longitudinal directions are aligned in one direction and all micro transverse directions
are aligned with the macro transverse plane (planar isotropy). The lower limit of the
concentration parameter b, i.e. b = 0, describes the fully random isotropic distribution of
the fibers. In the first left sphere (Figure 2.2), both ODFs are constant and coincident,
i.e., ρ‖ (θ) = ρ⊥ (θ) = 1. In this representation, the isotropic distribution (b = 0) gives a
sphere, while the ideally aligned fibers (b→∞) are characterized by an infinite long line
in the preferred direction and an infinite plane in the macro transverse direction.
Rotation angle θ
O
rie
nt
at
io
n 
de
ns
ity
pi/2 pi/4 0 pi/4 pi/2
0
1
2
3
4
5
6
7
ρ||(θ)
ρ⊥(θ)
Figure 2.1.: von Mises distribution (b = 2)
2.3.3. Contribution to Macroscopic Free Energy, Stress and Elasticity Tensor
The deformation χ maps a material point X ∈ Ω0 in the undeformed configuration to a
position x = χ (X) ∈ Ω in the current configuration. Further, let F (X) = ∂χ (X) /∂X
be the deformation gradient. The considered orientation is characterized by the reference
unit vector a0, with |a0| = 1. The deformation χ maps this orientation into its current
configuration,
a = Fa0, (2.9)
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Figure 2.2.: Graphical representations of the employed von Mises ODF, influence of the
concentration parameter b
and the stretch in the direction is λ = |a|. From Eq. (2.9), the stretch λ can be also
determined by the relation
λ2 = (Fa0) · (Fa0) = a0 · (Ca0) . (2.10)
Using the stress tensor given in Eq. (2.1), the elasticity tensor is written as
K = 2
∂S (C)
∂C
. (2.11)
The macroscopic SEDF, Ψ, corresponding to the dispersed fibers associated with the pre-
ferred direction is then defined as
Ψ (C,a0) =
1
4pi
∫
U2
ρψ (λ) dA = 〈ρψ (λ)〉 , (2.12)
where 〈(·)〉 is defined as the macroscopic value. Based on this, the mechanical contribution
of dispersed fibers to the macroscopic second Piola-Kirchhoff stresses can be expressed as
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the continuous averaging including the ODF, namely
Si =
1
λi
∂ψ (λi)
∂λi
a0i ⊗ a0i
〈S〉 = 1
4pi
∫
U2
ρ
1
λ
∂ψ (λ)
∂λ
a0 ⊗ a0 dA =
〈
ρ
1
λ
∂ψ (λ)
∂λ
a0 ⊗ a0
〉 (2.13)
Employing Eq. (2.11) yields the elasticity tensor
〈K〉 = 1
4pi
∫
U2
ρλ−2
(
ψ′′ (λ)− ψ′ (λ)λ−1)a0 ⊗ a0 ⊗ a0 ⊗ a0 dA,
=
〈
ρλ−2
(
ψ′′ (λ)− ψ′ (λ)λ−1)a0 ⊗ a0 ⊗ a0 ⊗ a0〉 . (2.14)
in which ψ′ (λi) =
∂ψ(λi)
∂λi
andψ′′ (λi) =
∂2ψ(λi)
∂λi
2 .
By using the base vectors ei of the Cartesian coordinate system together with Eq. (2.14),
the coefficients of the elasticity tensor 〈K〉 can be determined by
Kijkl = (ei ⊗ ej) : 〈K〉 : (ek ⊗ el)
=
1
4pi
∫
U2
ρλ−2
[
ψ′′ (λ)− ψ′ (λ)λ−1] (ei · a0) (ej · a0) (ek · a0) (el · a0) dA
=
1
4pi
∫
U2
ρλ−2
[
ψ′′ (λ)− ψ′ (λ)λ−1] a0ia0ja0ka0l dA.
(2.15)
Due to the distribution of micro longitudinal and transverse directions discussed in
Section 2.3.2, the overall SEDF decomposes additively into the two parts
ψ = β‖
(
b‖
)
ψ‖ + β⊥ (b⊥)ψ⊥, (2.16)
where β‖
(
b‖
)
, β⊥ (b⊥) are calibration factors and b‖, b⊥ denote specified values of the
concentration parameter corresponding to the input models. Their choice is achieved by
adapting the elasticity tensor of the resulting generalized material model to the Young’s
moduli of the one-dimensional input model concerned in Section 2.3.1, which will be dis-
cussed in details in Section 2.7.1.
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The combination of Eq. (2.2), (2.15) and (2.16) leads to the final statement
Kijkl = β‖
(
b‖
)
K
‖
ijkl + β⊥ (b⊥)K
⊥
ijkl
=
1
4pi
∫
U2
λ−3
[
β‖
(
b‖
)
ρ‖E‖ + β⊥ (b⊥) ρ⊥E⊥
]
a0ia0ja0ka0l dA
=
1
4pi
∫ 2pi
0
∫ pi
0
λ−3
[
β‖
(
b‖
)
ρ‖E‖ + β⊥ (b⊥) ρ⊥E⊥
]
a0ia0ja0ka0l sin θ dθdϕ.
(2.17)
2.3.4. Initial Elasticity Tensor
The initial elasticity tensor
〈
K˜
〉
referring to the undeformed configuration is derived from
the elasticity tensor 〈K〉 by setting F = I, which leads to λ = 1. Then, one obtains
〈
K˜
〉
= 〈K (λ = 1)〉
K˜ijkl =
1
4pi
∫ 2pi
0
∫ pi
0
[
β‖
(
b‖
)
ρ‖E‖ + β⊥ (b⊥) ρ⊥E⊥
]
a0ia0ja0ka0l sin θ dθdϕ
=β‖
(
b‖
)( 1
4pi
∫ 2pi
0
∫ pi
0
ρ‖E‖a0ia0ja0ka0l sin θ dθdϕ
)
︸ ︷︷ ︸
:=K˜
‖
ijkl
+ β⊥ (b⊥)
(
1
4pi
∫ 2pi
0
∫ pi
0
ρ⊥E⊥a0ia0ja0ka0l sin θ dθdϕ
)
︸ ︷︷ ︸
:=K˜⊥ijkl
.
(2.18)
For simplicity, it is convenient to apply the Voigt notation to express the initial elasticity
tensor
〈
K˜
〉
as a 6× 6 stiffness matrix 〈K¯〉. Hence, Eq. (2.18) is written as
K¯ij = β‖
(
b‖
)
K¯
‖
ij+β⊥ (b⊥) K¯
⊥
ij . (2.19)
Since both of the micro longitudinal and transverse directions are considered to be ro-
tationally symmetric with respect to e3, the overall material behaves as the transverse
isotropy. Therefore, the initial elasticity tensor is fully described by five independent stiff-
ness values, which can be obtained from Eq. (2.18). In case of infinitesimal deformations
concerning the undeformed configuration, the Cauchy stresses and the linearized strains
coincide with the Lagrangian quantities. For transversely isotropic materials, the stress-
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strain relation is expressed as (note that the preferred direction coincides with e3)

σ11
σ22
σ33
σ23
σ13
σ12

=

K¯11 K¯12 K¯13 0 0 0
K¯12 K¯11 K¯13 0 0 0
K¯13 K¯13 K¯33 0 0 0
0 0 0 K¯44 0 0
0 0 0 0 K¯44 0
0 0 0 0 0 0.5
(
K¯11-K¯12
)


ε11
ε22
ε33
2ε23
2ε13
2ε12

(2.20)
and 
ε11
ε22
ε33
2ε23
2ε13
2ε12

=

1
E11
− ν12E11 − ν13E33 0 0 0
− ν12E11 1E11 − ν13E33 0 0 0
− ν31E11 − ν31E11 1E33 0 0 0
0 0 0 G23 0 0
0 0 0 0 G13 0
0 0 0 0 0 G12


σ11
σ22
σ33
σ23
σ13
σ12

. (2.21)
As a result, using Eq. (2.6), Eq. (2.18) and Eq. (2.19), the analytical result is obtained
K¯
‖
11 = K˜
‖
1111 =
E‖
4pi
∫ 2pi
0
∫ pi
0
ρ‖(sin θ cosϕ)
4 sin θ dθdϕ
=
E‖
4pi
∫ 2pi
0
∫ pi
0
2
√
2b√
pi
eb cos(2θ)+b
erfi
(√
2b
)(sin θ cosϕ)4 sin θ dθdϕ
= E‖
9 + 24b+ 48b2
128b2
− 3e
2b (3 + 4b)
√
b
32b2
√
2pi erfi
(√
2b
)
 .
(2.22)
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Similarly, the remaining components of
〈
K¯
〉
matrix are expressed as
K¯
‖
ij

K¯
‖
33 = E
‖
[
(−3+4b)e2b√2pib
8b2pi erfi(
√
2b)
+ 3
16b2
]
,
K¯
‖
13 = −E‖
[
−3e2b√b
8
√
2pib2 erfi(
√
2b)
+ 3+4b
32b2
]
,
K¯
‖
12 = K¯
‖
44 =
1
3K¯
‖
11,
(2.23)
K¯⊥ij

K¯⊥11 = E⊥
[
9+24b(2b−1)
128b2
+ 3(4b−3)e
−2b√2pib
64b2pi erf(
√
2b)
]
,
K¯⊥33 = E⊥
[
3
16b2
− (3+4b)e−2b
4b3/2
√
2pi erf(
√
2b)
]
,
K¯⊥13 = E⊥
[
4b−3
32b2
+ 6e
−2b√2pib
32b2pi erf(
√
2b)
]
,
K¯⊥12 = K¯⊥44 =
1
3K¯
⊥
11,
(2.24)
where the error function erf (x) and the imaginary error function erfi (x) have already been
defined in Section 2.3.2.
Consequently, Eq. (2.23) and Eq. (2.24) combined with Eq. (2.19) show that the initial
elasticity tensor depend only on the elastic moduli from the one-dimensional input model
(E‖ and E⊥) and the fiber concentration parameter, as the calibration factors are constants.
It should been noted that the fiber orientation change, which is tracked by pushing forward
the reference direction in Eq. (2.9), is negligible in the small deformation range. Thus,
the microsphere approach can be seen a simplification of the Voigt-type homogenization
model, which conducts orientation averaging on the whole stiffness components [Camacho
et al., 1990, Pettermann et al., 1997]. The resulting problems due to this simplification in
the small deformation range will be discussed in Sections 2.7.1 and 2.7.4.
2.3.5. Discretization on the Unit Sphere
For simple cases like linear elasticity, the integration over the unit sphere can be performed
analytically. However, in the general case, the implementation of the microsphere method
requires a numerical evaluation of the integral over the continuous space orientations. This
is achieved by means of discretizing the continuous distribution of the unit sphere U2 into
m discrete orientation vectors {ri}i=1,...,m and weighting factors
{
wi
}
i=1,...,m
. Accordingly,
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the continuous averaging can be approximated by
〈(·)〉 = 1
4pi
∫
U2
(·) dA ≈
m∑
i=1
wi(·)i (2.25)
together with the following constraints
〈r〉 ≈
m∑
i=1
wiri = 0 and 〈r ⊗ r〉 ≈
m∑
i=1
wiri ⊗ ri = 1
3
I, (2.26)
which are required to preserve isotropic properties and a stress-free state of the undeformed
configuration [Miehe et al., 2004].
In the literature, there exist at least three discretization methods to generate the inte-
gration directions over the surface of a sphere [Diani et al., 2006, Freund and Ihlemann,
2010, Heo and Xu, 2001]. The minimum number of discrete integration directions is 42,
which only provides sufficient accuracy for the fully random isotropic distribution (b = 0)
as used by Baz˘ant and Oh [1986] and Miehe et al. [2004]. In addition, Alastrue´ et al.
[2009] showed that a 31st-order discretization based on 368 directions is accurate enough
to perform computations for concentration parameters b ≤ 20. In Section 2.7, it will be
shown that this also fulfills the demand for the numerical investigations considered and is
employed in this paper. Since the ODF is a probability function and has been normalized
(see Eq. (2.4)), the ideal integration result over the sphere surface should be equal to 1.
Figure 2.3 shows the variation of overall probability for three sets of discrete directions
over the sphere surface, where the directional data (ri and wi) comes from Heo and Xu
[2001]. It is obvious that, with the increase of the value of concentration parameter, b, the
numerical accuracy decreases. In addition, the numerical accuracy only improves slightly
when the numerous directions increase from 368 to 600.
2.4. Continuum Mechanical Model Based on Structural Tensors
For validation, here the micromechanically motivated model proposed by Reese et al.
[2001b] is used for comparison with the microsphere approach. This method can be ap-
2.4. Continuum Mechanical Model Based on Structural Tensors 27
b
p
ro
b
ab
ili
ty
 
 
0 10 20 30 40
0.98
0.99
1.00
1.01
1.02
m=42
m=368
m=600
Figure 2.3.: Variation of overall probability over the sphere surface for different numbers
m of integration directions
plied to investigate the transversely isotropic behavior of unidirectional fiber reinforced
composites at the macroscopic scale. The mechanical material response is described on
the basis of the concept of structural tensors. In this case, the SEDF ψ (C) reduces to an
isotropic function of C and the structural tensor M = n0 ⊗ n0, in which the structural
vector n0 represents the fiber direction.
Therefore, the SEDF ψ (C) is represented in terms of the following five invariants
I1 = tr C, I2 =
1
2
[
I1
2 − tr (C2)] , I3 = det C, I4 = tr (CM) , I5 = tr (C2M) . (2.27)
Based on this, the following choice for the SEDF is appropriate:
ψ = ψNH (I1, I3) + ψani (I4, I5) . (2.28)
Here ψNH denotes the Neo-Hookean part displaying the isotropic case, which is given by
ψNH (I1, I3) =
µ
2
(I1 − 3)− µ ln
√
I3 +
Λ
4
(
I3 − 1− 2 ln
√
I3
)
, (2.29)
where µ and Λ are the Lame´ constants. The anisotropic behavior is described by the part
ψani = K1(I4 − 1)β1 +K2(I5 − 1)β2 , (2.30)
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where K1, K2, β1, β2 are material constants. All these six material parameters have
to be fit to the experimental results. It is noteworthy that this kind of formulation,
based on structural tensors, describes the mechanical behavior from a purely macroscopic
point of view based on experimental data rather than by direct consideration of the fiber
distribution.
2.5. High-Fidelity Generalized Method of Cells Micromechanical
Model
To make a comparison on the accuracy and simplicity, the High-Fidelity Generalized
Method of Cells (HFGMC) micromechanical model is presented, which is based on the
constituent material properties and their explicit arrangement in a repeating unit cell.
This theory has been fully described by Aboudi et al. [2013]. The continuously reinforced
(i.e., doubly periodic) linearly elastic version of HFGMC is briefly outlined in the following.
The doubly periodic microstructure considered is shown in Figure 2.4(a) in terms of the
global coordinates (x2, x3). The repeating unit cell, Figure 2.4(b), defined with respect
to local coordinates (y2, y3), of such a composite is divided into Nβ and Nγ subcells in
the y2 and y3 directions, respectively. Each subcell is labeled by the indices (βγ) with
β = 1, ...,Nβ and γ = 1, ...,Nγ of subcell (βγ) in the y2 and y3 directions are denoted
by hβ and lγ , respectively. A local coordinate system
(
y¯
(β)
2 , y¯
(γ)
3
)
is introduced in each
subcell whose origin is located at its center. The local (subcell) constitutive equation of
the elastic, anisotropic constitute material is given by
σ
(βγ)
ij = C
(βγ)
ijkl ε
(βγ)
kl , (2.31)
where σ
(βγ)
ij , ε
(βγ)
kl , and C
(βγ)
ijkl are the components of the stress, strain, elastic stiffness
tensors, respectively.
The basic assumption in HFGMC is that the displacement vector u
(βγ)
i in each subcell
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Figure 2.4.: (a) A multiphase composite with doubly-periodic microstructures defined with
respect to global coordinates (x2, x3). (b) The repeating unit cell is represented
with respect to local coordinates (y2, y3). It is divided into Nβ and Nα subcells,
in the y2 and y3 directions, respectively. (c) A characteristic subcell (βγ) with
local coordinates
(
y¯
(β)
2 , y¯
(γ)
3
)
whose origin is located at its center.
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is expanded into quadratic form in terms of its local coordinates ( y¯
(β)
2 , y¯
(γ)
3 ), as follows
u
(βγ)
i =ε¯ij xj +W
(βγ)
i(00) + y¯
(β)
2 W
(βγ)
i(10) + y¯
(γ)
3 W
(βγ)
i(01)
+
1
2
(
3y¯
(β)2
2 −
h2β
4
)
W
(βγ)
i(20) +
1
2
(
3y¯
(γ)2
3 −
l2γ
4
)
W
(βγ)
i(02),
(2.32)
where ε¯ij are the applied (external) average strains, and the unknown terms W
(βγ)
i(lm) must
be determined from the fulfillment of the equilibrium conditions, the periodic boundary
conditions, and the interfacial continuity conditions of displacements and tractions between
subcells. The periodic boundary conditions ensure that the displacements and tractions
at opposite surfaces of the repeating unit cell are identical. A principal ingredient in the
HFGMC micromechanical analysis is that all these conditions are imposed in the average
(integral) sense (see [Aboudi et al., 2013] for details).
As a result of the imposition of these conditions, a linear system of algebraic equations
is obtained, which can be represented in the following form
K∗U = f , (2.33)
where the matrix K∗ contains information on the geometry and properties of the materials
within the individual subcells (βγ), and the displacement vector U contains the unknown
displacement coefficients W
(βγ)
i(lm), which appear on the right-hand side of Eq. (2.32). The
vector f contains information on the applied average strains ε¯ij . The solution of Eq. (2.33)
enables the establishment of the following localization relation which expresses the average
strains ε¯
(βγ)
ij in the subcell (βγ) to the externally applied average strains ε¯ij in the form
ε¯
(βγ)
ij = A
(βγ)
ijkl ε¯kl, (2.34)
where A
(βγ)
ijkl are the strain concentration tensor components of the subcell (βγ). The final
form of the effective constitutive law of the multi-phase thermo-inelastic composite, which
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relates the average stresses (βγ) and strains ε¯kl, is established as follows
σ¯ij = C
∗
ijklε¯kl. (2.35)
In this equation C∗ijkl are components of the effective stiffness tensor, which are given by
C∗ijkl =
1
HL
Nβ∑
β=1
Nγ∑
γ=1
hβlγ C
(βγ)
ijpq A
(βγ)
pqkl . (2.36)
The homogenized effective stiffness tensor C*corresponds to the macroscopic elasticity
tensor in Eq. (2.14).
As described in [Bednarcyk et al., 2014], the effective stiffness tensor can then be trans-
formed to an arbitrary fiber orientation, which can represent the fiber angle or a fiber
misalignment angle. Given that the fibers of the unidirectional composite are oriented in
the x3-direction, in order to express a rotation of the fiber direction by angle θ in the
x3-x1 plane about the x2-axis (see Figure 2.5), the following transformation matrix must
be employed,
Θ =

cos θ 0 − sin θ
0 1 0
sin θ 0 cos θ
 . (2.37)
Subsequently, a rotation about the new x1-axis, namely x
′
1, by an angle φ can be per-
formed (see Figure 2.5), which can be expressed by the following transformation matrix,
Φ =

1 0 0
0 cosφ − sinφ
0 sinφ cosφ
 . (2.38)
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Figure 2.5.: Transformation from the original (un-prime) to rotated (prime) coordinate
system through the rotation angles θ and φ. xint3 is an intermediate x3 coor-
dinate direction
The full transformation is then given by

x′1
x′2
x′3
 = T

x1
x2
x3
 , (2.39)
where T = ΘΦ. Consequently, the standard approach for transforming the fourth-order
effective stiffness tensor C∗ijkl, given the fiber orientation angles θ and φ, is as follows,
C
∗/
ijkl = TipTjqTkrTlsC
∗
pqrs. (2.40)
Regarding the statistical distribution of fiber misalignment, following [Bednarcyk et al.,
2014], a normal fiber misalignment distribution has been adopted with probability density
function given by
p (x) =
1
s
√
2pi
exp
[
−1
2
(x
s
)2]
, (2.41)
where x and s are the random variable and standard deviation, respectively. Stiffness
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predictions from the HFGMC model will be compared to the predictions of the microsphere
model for various fiber orientation angles and standard deviation values for validation of
the microsphere results.
2.6. Experiments
The data set used for validation was generated from unidirectional carbon fiber reinforced
epoxy resin plates under a series of tensile tests. The test setup included a Zwick Z100
testing machine and an Aramis 4M system. Time, force, cross beam displacement, and
nominal strain data were generated by Zwick’s internal sensors, while the Aramis 4M
system acted as an optical extensometer to capture the displacement fields, from which
strain data were extracted.
For each fiber angle considered, six unidirectional CFRP specimens were tested, where
each of them comprised four layers of UD carbon fiber prepreg. The investigated prepreg
specification was from Toray1. The mechanical properties of the constitutions are reported
in Table 1 while the specimen’s geometry and dimensions are given in Figure 2.6.
Table 2.1.: Mechanical properties of the constituents (the fiber direction e3)
Carbon fibers Epoxy matrix
Young’s moduli [GPa] E11 = E22 = 15, E33 = 230, 3.6
G13 = G23 = 15
Poisson’s ratio [-] ν31 = ν32 = 0.2, ν12 = 0.2 0.38
Volume fraction [-] 0.42 0.58
The global Young’s modulus for every laminate was calculated by evaluating the slope
of each fitting curve to the experimental data. The mean value and the standard deviation
for every fiber angle are plotted in Figure 2.7, where the typical effect of angle on the
unidirectional response can be seen.
1Toray is a Japan company.
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Dimension Value [mm]
s 300
l 200
w 40.2
t 1.5
Fiber angles, ϑ
0◦ 15◦ 30◦ 45◦ 60◦ 75◦ 90◦
Figure 2.6.: Geometry of specimen
Fiber angle ϑ [◦]
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Figure 2.7.: Experimental results: Young’s modulus variation over fiber angle
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2.7. Results and Discussion
2.7.1. Influence of the Concentration Parameter on the Mechanical
Properties
Based on the analytical results in Section 2.3.4, the next step is to determine the macro-
scopic mechanical properties in such a manner that the elastic moduli of the final gen-
eralized constitutive model should coincide with the input value in the one-dimensional
material model. The elastic moduli and Poisson’s ratio are given by
E11 = E22 =
(
K¯11 − K¯12
) [−2K¯213 + (K¯11 + K¯12) K¯33]
−K¯213 + K¯11K¯33
, E33 =
(−3K¯213
2K¯11
+ K¯33
)
,
ν12 =
K¯213 − 1/3 K¯11K¯33
K¯213 − K¯11K¯33
, ν13 = ν23 =
K¯13
K¯11 + K¯12
,
G12 = K¯12, G13 = G23 = K¯44.
(2.42)
Thus, all of these quantities could be expressed as analytical functions including the input
elastic moduli E‖, E⊥, and the concentration parameter b.
Once all the coefficients are known from the analytical results, the elastic moduli E11, E33
corresponding to the ideal alignment of reinforced fibers, i.e. b → ∞, can be derived as
follows
lim
b→∞
E33 = β‖
(
b‖ →∞
)
E‖, lim
b→∞
E11 =
β⊥ (b⊥ →∞)
3
E⊥. (2.43)
These values should be equal to the one-dimensional input values E‖ and E⊥, respectively.
Hence, the values of calibration factors can be specified as
β‖
(
b‖ →∞
)
= 1, β⊥ (b⊥ →∞) = 3. (2.44)
The reason for the difference of scaled values is the fact that the elastic moduli are cali-
brated with two completely different fiber distributions. For the distribution of the micro
longitudinal direction, the limit case of b→∞ describes all fibers aligned in the preferred
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direction defined by Eq. (2.6). This coincides with the uniaxial input material model in
Eq. (2.2)1 and (2.3)1. Therefore the first calibration factor is equal to 1. However, for the
distribution of the micro transverse direction, this limit case represents all fibers randomly
distributed in the macroscopic transverse plane corresponding to the input model in Eq.
(2.2)2 and (2.3)2. Hence, the second scaled value 3 is set to make sure that the Young’s
modulus of any direction in the transverse plane coincides with E⊥. Similarly, when all
fibers are oriented randomly in space described by b = 0, both calibration factors must be
equal to 6 to ensure isotropic material properties.
β‖
(
b‖ = 0
)
= 6, β⊥ (b⊥ = 0) = 6. (2.45)
Once the values of calibration factors are determined, the relation between the elas-
tic moduli and the concentration parameter b is captured as shown in Figure 2.8. It is
of interest to examine the variation of various composite properties with respect to the
concentration parameter b, which represents the degree of fiber misalignment. Figure 2.8
shows a number of such properties, normalized with respect to their values in the isotropic
distribution. This figure shows that, while the effective axial Young’s modulus, E11, de-
creases with additional misalignment, the transverse Young’s modulus, E33, increases, as
expected. The former decreases quite rapidly as compared to the latter.
However, there is an obvious restriction on the Poisson’s ratio in this model. The Pois-
son’s ratio depends on the elastic modulus of the matrix and fibers and the concentration
parameters as shown in Figure 2.9. Moreover, there are two limit cases:
v12 (b = 0) =
1
4
, v12 (b→∞) = 1
3
,
v13 (b = 0) =
1
4
, v13 (b→∞) = 0.
(2.46)
This result shows a significant difference compared to the original one-dimensional input
model where the Poisson’s ratio is an arbitrary material parameter. The microsphere
approach predicts fixed values for the parameters ν12 and ν13 which are independent of
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Figure 2.8.: Above: relation between the normalized elastic moduli and the concentration
parameter b. Below: Young’s modulus E33 variation due to different fiber
angles
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the Poisson’s ratio in the uniaxial model.
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2.7.2. Numerical Results
2.7.2.1. Uniaxial Tension
The previous analytical calculation is only possible for very simple one-dimensional input
material models such as linear elasticity. As a result, the numerical discretization described
in Section 2.3.5 is essential for most other cases. For the considered situation of uniaxial
tension in the preferred direction e3, the first Piola-Kirchhoff stress-stretch curve, i.e.,
〈P33〉 versus λ33 is investigated. The deformation can be characterized by the deformation
gradient
F =

λ11 0 0
0 λ11 0
0 0 λ33
 . (2.47)
The loading condition could be classified by the uniform increase of stretch λ33. In order
to ensure that a uniaxial stress state is obtained, the objective function for λ11 is just
taken such that 〈P11〉 = 〈P22〉 = 0, which coincides with the uniaxial tension.
As shown in Figure 2.10, the stress-stretch is a slightly concave curve, which reveals
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Figure 2.10.: Stress-stretch relation for uniaxial tension
the fibers tend to align parallel to the preferred direction in the simple tension process.
Accordingly, the deformed ODF will become thinner. However, it is also obvious that this
effect is quite small and might be neglected in the deformation process. Furthermore, with
the increase of the concentration parameter b, the Young’s modulus E33 approaches the
value from the input model and the curve will become more and more linear.
2.7.2.2. Simple Shear
To further investigate this approach, the loading situation of simple shear is studied, with
the deformation gradient given by
F =

1 γ 0
γ 1 0
0 0 1
 , (2.48)
where the shear, γ, is in the interval [0, 0.2]. Figure 2.11 exhibits the influence of variation
of concentration parameter, b, on the stress-stretch relationship in the simple shear loading
process. In the case of high fiber misalignment, the shear modulus is highly dependent
on b, while the influence becomes very small once b increases to a value greater than 8
(corresponding to small fiber misalignment). This also corresponds to the quite small
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variation of Young’s modulus shown in Figure 2.11.
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Figure 2.11.: Stress-stretch relation for simple shear
2.7.3. Parameter Identification and Validation
In this section, three examples are presented to validate and evaluate the predicted initial
stiffness from these three models.
2.7.3.1. Carbon Fiber Reinforced Polymer (CFRP)
The first example considers the unidirectional carbon fiber/epoxy composite described
previously in Section 2.6. To calibrate the microsphere model, the experimental data is
considered where the uniaxial tension test is used (see Section 2.6). In order to obtain good
agreement with the experimental data, here a simple fitting technique is employed, namely
the least-squares minimization. The identification framework is based on the objective
function
min f (b) =
n∑
i=1
[
E(b)i − Eei
Eei
]2
, (2.49)
with E(b)i and E
e
i constituting the Young’s modulus in the ith direction obtained from the
calculation and tests, respectively. With the experimental data (Figure 2.7) mentioned in
Section 2.6, Eq. (2.49) yields the optimized value b = 7.8. Using this value, the computed
results agree very well with the experimental data except for the 0◦ direction, where around
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8% deviation is obtained (see Figure 2.12).
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Figure 2.12.: Young’s modulus E33 variation due to different fiber angles
In order to evaluate the performance of microsphere and HFGMC approaches, the cor-
responding orientation distribution functions adopted by these two methods need to be
investigated first, see Eq. (2.6) and Eq. (2.41). Fig. 2.13 shows the normalized probabil-
ity density with respect to the misalignment angle, θ, for various values of the standard
deviation, s, and the concentration parameter, b. It is clear that the modified von Mises
function, Eq. (2.6), describes a quite similar fiber misalignment distribution as the normal
distribution function, Eq. (2.41), by only choosing an appropriate concentration value.
Therefore, the influence of the two different distributions on the finial prediction can be
neglected when evaluating microsphere and HFGMC approaches. It should be noted that
the von Mises distribution is well-suited for the present application because it can easily
be modified to be pi-periodic. As described in Section 2.3.2, the fiber misalignment in
composites varies from 0 to pi.
Figure 2.14 provides a comparison of the microsphere and structural tensor approaches,
along with the experimental data and HFGMC micromechanical predictions.
For consistent comparison, both the concentration parameter, b, and the standard de-
viation, s, in microsphere and HFGMC approaches, respectively, were characterized using
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Figure 2.13.: Normalized probability density vs. a misalignment angle are shown for vari-
ous values of the standard deviation, s, in normal distribution and the con-
centration parameter, b, in von Mises distribution
only the test data in the 0◦ direction (resulting in a different curve for the microsphere
approach compared to Figure 2.12). This characterization resulted in the values b → ∞
and b = 0◦, which indicates the fiber alignment in the investigated prepreg was good. By
contrast, to identify the 6 parameters in structural tensors approach, all the test data is
required. As shown in Figure 2.14, both structural tensor and HFGMC approaches pro-
vide a good agreement, while microsphere approach also obtains a reasonable estimation
of Young’s modulus in various directions. However, it should be noted that the structural
tensors approach is only a fit to the experimental data. It includes the effects of fiber mis-
alignment, but it does not explicitly model and evaluate these effects in anyway. Hence,
the structural tensors approach cannot make any predictions based on the degree of fiber
misalignment. Rather, there must be enough experimental data to identify 6 parameters
introduced by this approach.
Furthermore, unlike the microsphere and structural tensor approaches, the HFGMC
method takes into consideration of the constituents’ packing in composites. It treats the
fibers as perfectly aligned in a given fiber direction, θ, as presented in Section 2.5. The
repeating unit cell employed in the HFGMC predictions, representing square fiber packing,
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Figure 2.14.: Comparison of results from different models
is shown in Figure 2.15. This unit cell is discretized into 26 subcells in each direction,
although a coarser discretization could have been used with no discernible impact on the
axial results shown. Then the effective Young’s modulus shown in Figure 2.14 is achieved
by averaging the stiffness tensor accounting for the fiber misalignment, see Eq. (2.40) and
ref [Bednarcyk et al., 2014].
2.7.3.2. Carbon Fiber Reinforced Metal Composites (CFRM)
The second example deals with the carbon fiber reinforced metal (CFRM), which consists
of a commercially pure aluminum matrix (99.85% Al) unidirectionally reinforced with
continuous C40MB-3K carbon fibers. The experimental data of fiber misalignment and
the mechanical property of CFRM are reported by Requena et al. [2009]. Figure 2.16
exhibits the measured fiber orientation distribution, along with the fitting curves for the
modified von Mises distribution function, Eq. (2.6), and the normal distribution function,
Eq. (2.41). It is clear that these two distribution functions can accurately approximate
the fiber misalignment in CFRM. Accordingly, the concentration parameter, b, and the
standard deviation, s, are characterized to be 76.6 and 3.44◦, respectively, which indicate
very little fiber misalignment in the investigated CFRM samples.
Using these values as well as the summarized material parameters in Table 2.2, the
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Figure 2.15.: HFGMC repeating unit cell used for predicting the composite effective
stiffness
predicted Young’s moduli in various directions are plotted in Figure 2.17. Also included
is the prediction from the structural tensors method by fitting its 6 parameters to all the
measured Young’s moduli. It is worth mentioning that the structural tensors approach fits
best to the test data, due to so many parameters available in the approach. However, the
other two methods can also provide a reasonable approximation of the initial stiffness of
CFRM, as shown in Figure 2.17.
Table 2.2.: Mechanical properties of the constituents of CFRM (the fiber direction
e3)[Maurin et al., 2008, Requena et al., 2009]
Carbon fibers Al99.85%
Young’s moduli [GPa] E11 = E22 = 15, E33 = 392, 70
G13 = G23 = 15
Poisson’s ratio [] ν31 = ν32 = 0.2, ν12 = 0.2 0.33
Volume fraction [%] 721 28
1This is a corrected value, since the original one is not reasonable.
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Figure 2.17.: Young’s modulus variation with respect to off-axis angle (Note the tight error
bar on experimental data)
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Figure 2.18.: Normalized fiber orientation distribution estimation using micrographs and
model fit of jute composites
2.7.3.3. Jute/Epoxy Composites
In the two previous cases, the investigated samples only exhibit slight degree of fiber
misalignment. In contract to that, the final example considers unidirectional jute fiber
reinforced epoxy resin composites, which show significant fiber misalignment. Two groups
of experimental data, reported in [Virk et al., 2014] and in [Cichocki Jr and Thomason,
2002], respectively, were used to verify the proposed model.
Figure 2.18 shows a comparison of the fitting of the modified von Mises distribution,
Eq. (2.6), and the normal distribution, Eq. (2.41), to the measured fiber orientation
data in the first group test [Virk et al., 2014]. These data correspond to the cases when
b = 4.81 and s = 16.6◦, respectively. The properties of matrices and the jute fibers are
summarized in Table 2.3. Note that the listed mechanical properties of the jute fiber is
the mean value from [Cichocki Jr and Thomason, 2002, Virk et al., 2012, 2014]. Table 2.4
shows the predicted Young’s modulus at a fiber angle of 7.4◦ for a fiber volume fraction
of 18.9%. It indicates reasonable agreement has been obtained between the microsphere
and HFGMC approaches and the experimental data. Here, the structural tensors method
cannot be applied due to the lack of sufficient test data for fitting of the parameters.
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Table 2.3.: Mechanical properties of the constituents in the jute composites [Cichocki Jr
and Thomason, 2002, Hossain et al., 2014, Virk et al., 2014]
Jute fibers Epoxy matrix
Young’s moduli [GPa] E11 = E22 = 6.0, E33 = 44.4 2.7
G13 = G23 = 3.5
Poisson’s ratio [] ν31 = ν32 = 0.11, ν12 = 0.11 0.37
Volume fraction [%] ϕ1 = 18.9± 3.9 81.1
ϕ2 = 30± 2 70
Figure 2.19 provides the variation of Young’s modulus with respect to the off-axis angle,
ϑ, in the second group test with a fiber volume fraction of 30% [Cichocki Jr and Thomason,
2002]. Because of the absence of fiber misalignment information, the introduced reverse
fitting strategy in Section 2.7.3.1 is employed again. The values of the concentration
parameter, b, and the standard deviation, s, were characterized using the test data in 0◦
direction. Furthermore, like in the case of CFRP, the remaining angles are also considered
predictions and used for validation and evaluation of the methods. As can be seen in
Figure 2.19, the microsphere and HFGMC approaches appear to bound the test data,
with macromechanical structural tensors approach providing the best estimate. Note, in
this example, the HFGMC model predictions do not match experiment as well as they did
for the CFRP and CFRM. This is likely because of the micro structural complexity of the
jute fiber, which cannot be precisely described by a regular pattern, see Figures 2.4 and
2.15.
Table 2.4.: Comparison of experiment and predicted modui with off-axis angle 7.4◦ (ϕ =
18.9%± 3.9%)
Experiment Microsphere (b = 4.81) HFGMC (s = 0.29)
Young’s moduli [GPa] 8.06± 0.84 7.50 8.87
Tolerance [%] 7.0 10.1
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Figure 2.19.: Comparison of Young’s moduli from experiments and calculation (ϕ = 30%±
2%)
2.7.4. Comparison of Different Approaches
According to the previous discussion, the following points should be noted when evaluating
the three methods in the small deformation range:
1. The structural tensors based approach does not consider the microstructure explic-
itly, but only relies on the measured Young’s modulus E for calibration. It cannot
make any predictions based on the degree of fiber misalignment. By contrast, the
microsphere method relies only on E‖ and E⊥, obtained herein from the rule of mix-
ture, and b, while HFGMC requires all elastic constants of the constituents as well as
microstructural representation and the misalignment standard deviation. As shown,
these two methods can be applied to determine the dependence of the effective elastic
properties on the fiber misalignment.
2. The structural tensor approach is applicable to any composites given the measured
uniaxial response. It is much more computationally efficient than HFGMC and
microsphere approaches. However, the structural tensors approach includes more
parameters which have to be identified. This is also the reason that it provides the
best fit in these three examples, as shown in Figures 2.14, 2.17, and 2.19.
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2.8. Conclusions
The main goal of this study is to present a numerical approach to investigate the macro-
scopic mechanical properties of unidirectional composites in the presence of a distribution
of fiber misalignment. A microsphere based homogenization procedure based on the as-
sumption of von Mises distribution of fibers orientation has been proposed. To employ the
microsphere method, the first step is to find the one-dimensional constitutive models aim-
ing to reflect the basic mechanical properties, and then the overall mechanical behavior is
determined by averaging the energy density over different space orientations. As an advan-
tage, the ODF can straightforwardly be incorporated to describe the material anisotropic
behavior within the multiscale modeling process. With this method, the influence of the
fiber misalignment on the macroscopic properties has been discussed. Further, an experi-
mental set-up was built for characterization and validation. Finally, the structural tensors
based model and HFGMC are adopted for comparison and all three methods agree well
with experimental results. However, the microsphere approach allows to easily include
fiber misalignment. Therefore, this method will be employed to investigate the short fiber
reinforced composites, where fiber misalignment is much more significant [Mu¨ller et al.,
2015]. Because this approach is based on the establishment of the one-dimensional input
model and its distribution, it can also be used to predict the complete nonlinear response
of the composite, including interfacial debonding and progressive damage.
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3.1. Abstract
Laminated paperboard and paper is widely used in packaging products. It generally ex-
hibits highly anisotropic and nonlinear mechanical behavior. The aim of this study is to
describe the in-plane material behavior with an orthotropic elastic-plastic model based on
the observed experimental behavior. A structural tensor-based approach was applied to
model the elastic deformation, while a multi-surface based yield criterion was adopted to
describe the yield behavior. The model incorporated nonlinear kinematic and isotropic
hardening to capture the anisotropic hardening effect. In the experiment, the compressive
yield stress was found to be insensitive to the previous tensile deformation. The proposed
model could capture this compression yield stress preserving effect under reverse loading,
which in turn reduced the required material parameters as expected. With the material
parameters calibrated from a set of simple uniaxial tests in various directions, the model
was shown to predict the stress-strain behavior for other orientations satisfactorily. The
model was further validated with experiments under complex loading conditions and found
to capture the highly anisotropic, elastic-plastic behavior accurately.
3.2. Introduction
Laminated paperboard is one of the most common packaging materials in industry due to
its beneficial characteristics, such as low price, sustainability, and recycling. Depending
on the specific requirement, it can be easily designed as a single layer paper or multi-
layer sandwich structure. This material exhibits a highly anisotropic mechanical behavior
due to its manufacturing process; including anisotropic elasticity, initial yielding, strain
hardening, and tensile failure. The principal directions of paper are the machine direction
(MD), cross-machine direction (CD) and out-of-plane direction (ZD).
In industry, almost all paperboard packaging includes a creasing operation to obtain
a locally deformed zone and a subsequent folding or deep drawing process to form the
final box. During creasing, the paperboard is pressed into a channel by a creasing rule to
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introduce delamination to locally reduce its bending stiffness. In the folding process, the
outer layers of paperboard are loaded in in-plane tension while the inner layers are in com-
pression. The deformation in deep drawing processes is even more complex, which usually
introduces positive longitudinal strain but negative transversal strain [Nakamura et al.,
2009]. Conclusively, all the operations include a complex loading-unloading-reloading de-
formation, leading to some common defects such as cracking, buckling, spring-back, and
so on. To obtain an accurate prediction of these operations, it is essential to perform
studies on two aspects, namely the paperboard anisotropic behavior and the interface de-
lamination between different layers. Since the interface delamination can be described
reasonably using a cohesive zone model, the challenge lies in the interface properties char-
acterization. Different methods have been developed to measure the interlaminar strength
of paperboard, cf. [Fellers et al., 2012, Korin et al., 2007, Li et al., 2016b, Nyg˚ards et al.,
2007]. The other aspect is the mechanical behavior of paperboard and paper, which plays
a significant role in the whole process. There are generally two models used to describe the
anisotropic mechanical behavior. First, a micromechanical model is often used to predict
the overall response by performing analysis on the built fiber network, with its mechanical
properties being strongly controlled by fiber-fiber interactions and single fiber properties.
Different methods have been developed to generate the artificial fiber network, see e.g.
[Bosco et al., 2015b, Bronkhorst, 2003, Kulachenko and Uesaka, 2012, Lavrykov et al.,
2012, Sliseris et al., 2014]. In these models, both fibers and inter-fiber bonds were usually
simplified as homogeneous and isotropic continua. Furthermore, the inter-fiber bonds were
considered to be either rigid or flexible, which was studied by e.g. Kulachenko and Ue-
saka [2012], Liu et al. [2011]. This kind of network model provides sight into the detailed
deformation at the microscale level, but leads to high computational cost.
The second category of models used to describe the anisotropic mechanical behavior
of paper is the more common continuum model. In the literature, several material mod-
els have been proposed to describe the elastic-plastic behavior of paperboard and paper.
For example, Xia et al. [2002] used an anisotropic yield surface with non-linear harden-
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ing functions, where plasticity was initiated by a multi-surface function constructed from
yield planes for tension, compression and shear. More recently, Borgqvist et al. [2014]
modified this model to take into account the distortional hardening. In this model, an
additional set of coupling parameters were introduced to consider the interaction between
different sub-surfaces during the hardening evolution. This results in extensive experi-
mental effort to determine these parameters. Tjahjanto et al. [2015] further extended the
model to incorporate viscoelastic-viscoplastic effects. This model combined isotropic and
kinematic hardening with back-stress terms. For the ease of parameter calibration, the
magnitude of the back-stress was defined the same as the hardening resistance of the op-
posite sub-surface. This treatment provided a reasonable prediction, but required further
experimental evidence. Wallmeier et al. [2015] proposed a simple multi-surface yield crite-
rion for the analysis of deep drawing of paperboard. Alternative approaches describe the
yield surface based on the Tsai-Wu criterion, see e.g. the model proposed by Harrysson
and Ristinmaa [2008]. Ma¨kela¨ and O¨stlund [2003] considered the anisotropic behavior
by incorporating an isotropic plasticity equivalent transformation tensor. Erkkila¨ et al.
[2015] proposed an in-plane hygro-elasto-plastic model and a hygroexpansivity-shrinkage
model that are functions of the dry solids content and fiber orientation anisotropy in-
dex. However, in most investigations into the paperboard creasing and folding process,
the comparatively simple Hill’s yield criterion has been used to describe the onset of yield
and also the plastic flow, e.g. in [Beex and Peerlings, 2012, Huang et al., 2014]. Other
works dealing with the out-of-plane behavior could be found e.g. in [Nyg˚ards, 2009, Sten-
berg, 2003]. These studies are based on the assumption that the in-plane and out-of-plane
problems can be solved independently, which means the in-plane and out-of-plane stress
components can only drive the in-plane and out-of-plane inelastic deformation of paper,
respectively. Furthermore, several studies have been performed to describe the paper by
continuum damage models, such as [Isaksson et al., 2006, Tryding et al., 2016, Zechner
et al., 2013].
In this work, both tensile and compression tests were first conducted on the paper,
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with digital image correlation (DIC) system providing information about the axial and
lateral strain during tension. Then, a general in-plane elastic-plastic constitutive model
was proposed to describe the experimentally observed behavior of paper. The elastic de-
formation was modeled by adopting the structural tensor concept, while the yield criterion
proposed by Xia et al. [2002] was modified to describe the yield surface. The model incor-
porated nonlinear kinematic and isotropic hardening to capture the anisotropic hardening
effect. Further, a straightforward calibration procedure was presented to show the physical
meaning of the material parameters in the elastic part and also the internal variables in
the plastic part. Finally, with the fitted parameters, a punch test was used to validate
the model by comparing the obtained strain fields as well as the punch force-displacement
curves.
3.3. Experimental Investigation
3.3.1. Material Characteristics
Paper is in general composed of a network of bonded cellulose fibers. Although the fiber
type and manufacturing process of paper varies, its general mechanical behavior remains
similar. Paper is classically characterized as an orthotropic material. Its principal direc-
tions commonly coincide with the MD, CD and ZD. Due to the manufacturing process,
the magnitude of mechanical properties in MD can be 1-5 times higher than that in CD,
and up to 100 times higher than that in ZD. In this study, only the in-plane behavior is
modeled.
The sample under consideration consists of five layers, as shown in Figure 3.1. Both top
and bottom layer are made from pine wood fibers, whereas the midlayer is a mixture of
spruce and pine wood fibers. Since it is very difficult to perform compression on such a
thin individual layer, all the tests were conducted on the whole laminated paperboard in
this study.
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Figure 3.1.: Schematic of the sample (modified from [Li et al., 2016b])
3.3.2. Experimental Methods
To characterize the mechanical behavior of paper, both tensile and compression tests were
conducted in different directions. The test samples were cut from a large sheet with a
thickness of 0.362 ± 0.007 mm. The shape and dimensions of the tensile test samples
followed the standard ISO 1924-2:2008 [ISO 1924-2:2008]. The tensile test setup included
a Zwick Z5 testing machine and an ARAMIS 4M digital image correlation (DIC) system,
which provided accurate non-tactile displacement and strain measurements at the surface
of the specimen during the test procedure, as shown in Figure 3.2(a). For the uniaxial
deformation state, only two points along the longitudinal direction of the specimen were
needed to determine the strain values. In addition, another two points in the transversal
direction were simultaneously recorded to generate the Poisson’s ratio. It should be noted
that the initial distance between the two points in each direction was big enough to achieve
a smeared global value. Additionally, the tensile test was displacement controlled with a
loading speed of 5 mm/min.
Due to the relatively small thickness of paper, measures must be taken to avoid buckling
in compression tests. In industry, the short span compression test (SCT) is most commonly
used to measure paper compression strength, but the influence of the clamps prevents the
capturing of the stress-strain curves [ISO 9895:2008]. Therefore, the long span compression
test (LCT), which includes lateral supports to prevent buckling, is usually adopted [Cavlin
and Fellers, 1975]. It has been further developed to measure the mechano-sorptive creep
behavior by Panek et al. [2004] and Stro¨mbro and Gudmundson [2008a]. In the LCT test,
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Figure 3.2.: (a) Tensile test set-up, and (b) assembled Wyoming compression fixture
the clearance between the lateral supports and the paper sheet must be very small to
reduce its influence on the measured values. Alternatively, the Wyoming compression test
fixture, originally developed for the measurement of polymer matrix composite materials,
was selected to prevent buckling in the present work, as shown in Figure 3.2(b) [Carlsson
et al., 2014]. The fixture consists of two pairs of steel blocks, each pair being clamped
together with four bolts. The upper and lower pairs maintain alignment via two rods
on linear bearings. In addition, the initial distance between them was set to 2 mm to
reduce the influence of specimen buckling. The circular recess shown in the front face
provided clearance for an extensometer to measure the deformation of paper specimens.
The assembled fixture, with a specimen installed, was placed in the Zwick Z5 testing
machine, and loaded directly on its top face by a flat platen mounted in the crosshead of
the testing machine. The loading speed was set to 0.1 mm/min.
3.3.3. Experimental Results
All experiments were performed in the same environmental conditions as in storage, with
room temperatures being between 20◦C and 25◦C, and the ambient relative humidity
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being between 55% and 60%. The influence of the moisture content in paper and the
temperature was neglected in the current study. Figure 3.3 shows the cyclic loading stress-
strain curve along the CD of the specimen. It is clear that there existed permanent
deformation after unloading, indicating a typical elastic-plastic behavior. The in-plane
uniaxial tensile stress–strain curves for the MD and CD direction are plotted together in
Figure 3.5. Noteworthy, ten specimens were measured along each direction in this study,
but the apparent deviating curves have already been eliminated. These stress–strain curves
depict the difference in the modulus and initial yield strength between MD and CD. In-
plane lateral strain vs. axial strain data for the MD and CD were also measured. After
subtracting the respective elastic strain components, the lateral plastic strain for both MD
and CD tension cases was computed and shown vs. the respective axial plastic strain in
Figure 3.4. The data suggest that the ratio between lateral plastic strain and axial plastic
strain is nearly constant until final fracture for both test directions, as was reported by
Xia et al. [2002]. Since the thickness of paper has already been shown to remain almost
constant during in-plane deformation [Fellers et al., 2012, Stenberg and Fellers, 2002],
Figure 3.4 shows that the plastic deformation of paper is not volume preserving. This
phenomenon needs to be taken into account in the construction of the yield function.
Figure 3.3.: Cyclic loading in CD
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Figure 3.4.: Lateral plastic strain vs. axial plastic strain curves for tensile test in the MD
and CD directions
Figure 3.5 provides a comparison of the in-plane tension and compression stress-strain
curves in the MD and CD directions. Note that the absolute value of compressive stress and
strain has been shown for comparison. These data indicate a similar anisotropic mechanical
response in tension and compression. Furthermore, both MD and CD compression curves
appear to match with the corresponding tension curves initially prior to yielding. This
phenomenon is in contrast to the conclusion made by Ha¨gglund et al. [2004], in which the
measured tensile stiffness was found less than the actual values for the similar specimen
geometry. One possible explanation could be the difference of deformation measurement
methods, as the elongation was measured by the moving crosshead in [Ha¨gglund et al.,
2004]. As a result, the measured values strongly depended on the span length due to
the influence of the clamp. In this work, a non-contact extensometer was used to track
the deformation of the specimen, which enables the measurement of the actual stiffness.
However, a marked difference is observed between tension and compression yield stress
levels, with the difference being more evident in the MD direction. This is most likely
due to the preferred fiber orientation in the MD direction. It is worth noting that to fully
understand the deformation mechanism of paper micromechanically, the inter-fiber joints
or bonds should also be taken into account [Alava and Niskanen, 2006], which is beyond
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the scope of current discussion.
Figure 3.5.: In-plane tension and compression stress-strain curves in the MD and CD
To further characterize the material hardening mode, a cyclic loading test is usually
required. However, this is very difficult to perform on paper because of sample buckling
in compression. Hence, an alternative strategy was adopted to obtain the reverse loading
response in this study. The standard test sample was first stretched to a specified stress
level and after unloading, was cut out and loaded in the reverse direction using the afore-
mentioned compression set-up. Two different pre-tension levels were taken for analysis in
MD, which correspond to the average stress of: 34.7 MPa and 41.7 MPa. The experimen-
tal results are plotted in Figure 3.6(a). The compressive response without pre-tension is
also included. The same procedure was performed along CD for another three different
pre-tension levels: 13.9 MPa, 18.1 MPa, and 22.2 MPa in Figure 3.6(b). It is of interest to
note that no significant yielding difference is observed until failure between different pre-
tension levels. The effect of preserved compression yielding cannot be described accurately
by only considering the isotropic effect or kinematic effect. By modifying Xia et al. [2002]’s
multi-surface plasticity model, it is possible to incorporate the insensitivity of the com-
pressive yield stress to pre-tension. Recently, Tjahjanto et al. [2015] reported a combined
isotropic-kinematic hardening model and Borgqvist et al. [2014] proposed a distortional
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hardening model for complex stress-strain hysteresis. Both models were likely to capture
this behavior, but at the same time involved many material parameters as discussed in the
introduction.
(a) Reverse loading after pre-tension in MD
(b) Reverse loading after pre-tension in CD
Figure 3.6.: Compression stress-strain curves after pre-tension levels in MD and CD
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3.4. Continuum Mechanical Model
This study is only concerned with loading under quasi-static conditions, so an elastic–plastic
constitutive law is used to describe the non-linear stress–strain curves observed experimen-
tally for paper. The model is developed to represent the critical aspects of the mechanical
response, including (i) elastic-plastic anisotropy, (ii) different yielding between tension and
compression, (iii) pressure dependent yield behavior, and (iv) preserved compression yield
stress. As with other phenomenological models, the model does not account for the exact
physical cause of the non-linearity, but aims to predict the mechanical response under
multiaxial loading.
Since paper exhibits a relatively low in-plane strain up to failure in traditional appli-
cations, an infinitesimal strain framework is adopted to derive the formulas. To model
elastoplasticity, the total strain tensor ε is additively decomposed into a reversible elastic
part, εe, and a permanent plastic part, εp, i.e.
ε = εe + εp (3.1)
3.4.1. Thermodynamic Relations
In this section, the constitutive equations of the model are derived based on the second law
of thermodynamics so that the model can be easily extended to describe the out-of-plane
behavior although not done in this study, which generally exhibits large deformation. For
isothermal processes, the Clausius-Duhem form of the entropy inequality is
− ψ˙ + σ : ε˙ ≥ 0, (3.2)
where ψ is the Helmholtz free energy, σ is the Cauchy stress tensor, and ε˙ is the strain
rate tensor. The free energy can be split into an elastic part ψe and a plastic part ψp:
ψ = ψe (εe,mα) + ψ
p (ξ, κ) , (3.3)
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where the elastic part of the free energy is based on the concept of invariants formed
by using structural tensors, mα = nα ⊗ nα, to describe the directional dependency of
the material, while the plastic part is assumed to be a function of a set of strain-like
internal variables, ξ and κ, which account for irreversible effects. The variables ξ and
κ are introduced to represent isotropic hardening and kinematic hardening in this study,
respectively. Here, nα (α = 1, 2) denote the unit vectors of the material directions, namely
MD and CD of paper.
Substituting Eq. (3.3) into Eq. (3.2), the dissipation inequality can be reformulated to
take the form (
σ − ∂ψ
e
∂εe
)
: ε˙e + σ : ε˙p − ∂ψ
p
∂ξ
: ξ˙ − ∂ψ
p
∂κ
κ˙ ≥ 0. (3.4)
This inequality must be fulfilled for arbitrary thermodynamic processes, i.e. for arbitrary
ε˙e, ε˙p, ξ˙ and κ˙. Therefore, the Cauchy stress can then be obtained by
σ =
∂ψe
∂εe
, (3.5)
and the remaining part of the Clausius–Duhem inequality is given as
σ : ε˙p − χ : ξ˙ −R κ˙ ≥ 0, (3.6)
where the following conjugated quantities to the internal variables have been introduced
χ =
∂ψp
∂ξ
and R =
∂ψp
∂κ
. (3.7)
3.4.2. Elasticity
To model the observed anisotropic in-plane response of paper, two orthogonal material
directions are introduced, namely MD and CD. As a consequence, only one structural
tensor is required to capture the in-plane behavior in principle. However, in order to easily
involve the nonlinear large deformation response along ZD of paper in the future, two
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structural tensors are used to define the elastic part of the free energy in this study.
In addition, according to the experimental results shown in Figures 3.5, a linear relation-
ship is accurate enough to capture the in-plane elastic response, although some nonlinear
functions have been introduced in the literature, cf. [Borgqvist et al., 2014, Harrysson and
Ristinmaa, 2008].
In this work, the structural tensor based anisotropic model in [Reese et al., 2001a] is
adopted to describe linear in-plane elastic anisotropy. It should be mentioned that this
model can also be applied to describe the nonlinear out-of-plane mechanical behavior,
which generally exhibits large deformation. Although the out-of-plane behavior is not
dealt with, this can be used for further extensions. Since there is no matrix in paper,
only paper fibers contribute to the whole composite behavior. Therefore, the strain energy
function is chosen to take the form
ψe = K iso1 I1
2 +K iso2 I2 +K
ani1
1 I4
2 +Kani12 (−I4 + I5) +Kani21 I62
+Kani22 (−I6 + I7) +Kcoup1I1I4 +Kcoup2I1I6 +Kcoup aniI4I6,
(3.8)
where K iso1 , K
iso
2 , K
ani1
1 , K
ani1
2 , K
ani2
1 , K
ani2
2 , K
coup1, Kcoup2, Kcoup ani are material
constants which have to be fit to experiments. Their physical meaning will be discussed
in the calibration Section 4.1. In addition, the invariants, Ii (i = 1, ..., 7), are defined as:
I1 := trε
e, I2 :=
1
2
(
I1
2 − tr(εe)2) , I3 := det εe,
I4 := tr (ε
em1) = ε
e : m1, I5 := tr
(
(εe)2m1
)
= (εe)2 : m1,
I6 := tr (ε
em2) = ε
e : m2, I7 := tr
(
(εe)2m2
)
= (εe)2 : m2.
(3.9)
Using Eq. (3.5), the stress is given by
σ =
∂ψe
∂εe
= L : εe (3.10)
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where the constant material tensor L is calculated by
L = 2K iso1 I⊗ I +K iso2 (I⊗ I−I ) + 2Kani11 m1 ⊗m1
+Kani12 E1 + 2K
ani2
1 m2 ⊗m2 +Kani22 E2 +Kcoup1 (I⊗m1 +m1 ⊗ I)
+Kcoup2 (I⊗m2 +m2 ⊗ I) +Kcoup ani (m1 ⊗m2 +m2 ⊗m1) .
(3.11)
The coefficients of the fourth-order tensors E1 and E2 are given by
(E1)ijkl = (m1)ikδjl + (m1)jkδil and (E2)ijkl = (m2)ikδjl + (m2)jkδil, (3.12)
and I and I denote the second-order and fourth-order identity tensor, respectively.
3.4.3. Plasticity
There are several models to describe the plastic deformation of paper in the literature.
In this study, the work of Xia et al. [2002] is modified to capture the aforementioned
experimental behavior. To incorporate the experimentally observed compression yield
stress preserving effect, the plastic contribution ψp to the free energy is postulated to be
a sum of an isotropic and a kinematic hardening term,
ψp = Q
(
κ+
e−βκ
β
)
+
c1
2
ξ11
2 +
c2
2
ξ22
2 +
c3
2
ξ12
2, (3.13)
where c1, c2, c3, β, and Q are material constants. The variables ξ11, ξ22, and ξ12 are the
in-plane components of ξ. The internal variable κ is the accumulated plastic strain in the
isotropic hardening contribution.
From Eq. (3.7), the thermodynamic force associated with isotropic hardening is, then,
given by
R = Q
(
1− e−βκ
)
. (3.14)
More details on the physical meaning of the variable are discussed in the hardening cali-
bration procedure in Section 3.5.2.3. The strain-like internal variable, ξ, in the kinematic
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hardening contribution is defined as
ξ =

ξ11 ξ12 0
ξ12 ξ22 0
0 0 0
 . (3.15)
The second-order tensor-valued variable ξ is related to self-equilibrated residual stresses
that remain after elastic unloading, with out-of-plane components always being zero. This
is reasonable due to the uncoupling assumption between the in-plane and the out-of-plane
response. From Eq. (3.7), the conjugate variable, the back stress χ, takes the following
form
χ = c1ξ11e1 ⊗ e1 + c2ξ22e2 ⊗ e2 + c3ξ12 (e1 ⊗ e2 + e2 ⊗ e1) , (3.16)
where e1 and e2 denote the axes of a rectangular Cartesian coordinate system. In order to
account for the combined hardening effect, the original multi-surface based yield criterion
is modified to be
Φ (σ,χ, R) =
{
6∑
α=1
{
xα
[
(σ − χ) : Mα
r0α
]2k}} 12k
− (σ0 +R) , (3.17)
where xα is a switch to determine whether the current stress activates the αth yield plane,
and is defined as
xα =
 10
if (σ − χ) : Mα > 0,
otherwise.
(3.18)
k is an integer to smooth the corners between adjacent sub-surfaces, which is taken to be
greater than 1. The constants σ0 and r
0
α in Eq. (3.17) denote the reference initial yield
stress and the ratio of distance between the origin and the αth yield plane to the reference
value, σ0, respectively. Note that the use of r
0
α enables to deal with the different yield
stresses in the states of tension and compression, which results in an asymmetric yield
surface. Here, a set of yield plane tensors, Mα, normal to the yield plane, are introduced
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as
Mα = Mα11m1 +M
α
22m2 +M
α
12 (n1 ⊗ n2 + n2 ⊗ n1) , (3.19)
where Mα11, M
α
22 and M
α
12 are constants fitted from experiments. With this set of normals,
it is possible to incorporate the effect of the non-isochoric plastic deformation, which makes
this criterion to be pressure-sensitive. A graphical representation of the yield surface is
illustrated in Figure 3.7. Only the intersection of the yield surface with the σ11−σ22 plane,
in the absence of shear stresses, is plotted. Also shown is the effect of the parameter k
in controlling the shape of the yield surface. With the increase of k, the corner between
adjacent sub-surfaces becomes sharper and sharper.
Figure 3.7.: Yield surface for the biaxial loading state
For the modeling of pressure sensitive materials, the evolution equations are given as
ε˙p = λ˙N ,
κ˙ = λ˙,
χ˙ = λ˙ [c1N11e1 ⊗ e1 + c2N22e2 ⊗ e2 + c3N12 (e1 ⊗ e2 + e2 ⊗ e1)− bχ] ,
(3.20)
where b is a material constant and λ˙ is the plastic multiplier. The variables N11, N22 and
68 3. Ani. Ela. Pla. In-plane.
N12 are the components of plastic strain rate tensor N , defined by
N =
∂Φ
∂σ
/∥∥∥∥∂Φ∂σ
∥∥∥∥. (3.21)
The final form of constitutive equations is summarized below:
σ = L : εe,
ε˙p = λ˙N , χ˙ = λ˙ [c1N11e1 ⊗ e1 + c2N22e2 ⊗ e2 + c3N12 (e1 ⊗ e2 + e2 ⊗ e1)− bχ] , κ˙ = λ˙,
Φ =
{
6∑
α=1
{
xα
[
(σ − χ) : Mα
r0α
]2k}} 12k
− (σ0 +R) , R = Q
(
1− e−βκ
)
λ˙ ≥ 0, Φ ≤ 0, λ˙Φ = 0.
(3.22)
Using an elastic predictor plastic corrector return mapping algorithm, the constitutive
model described above was implemented in the commercial finite element software Abaqus
using the UMAT subroutine. The model was coded in the small strain framework. When
using a UMAT in Abaqus in this manner, both co-rotated stress and strain measures were
being adopted. Abaqus takes care of the necessary rotations, which enables the simulation
of the deformation process with small strains but large displacements and rotations, such
as the punch test in Section 3.6.2.
3.5. Parameters Calibration
In the present work, there are a high number of constitutive parameters involved in the
proposed elastic-plastic material model. These parameters include: (i) 9 elastic properties,
i.e. K iso1 , K
iso
2 , K
ani1
1 , K
ani1
2 , K
ani2
1 , K
ani2
2 , K
coup1, Kcoup2, and Kcoup ani, (ii)
7 parameters to define the anisotropic yield surface, i.e. Mα(α = 1, ..., 6) and k, (iii)
7 initial yield stress parameters, i.e. r0α(α = 1, ..., 6) and σ0, (iv) 2 isotropic hardening
parameters, i.e. Q and β, and (v) 4 kinematic hardening parameters, i.e. c1, c2, c3, and b.
However, based on the experimental observations, some parameters relate to each other,
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which will simplify the fitting procedure.
In this section, the aforementioned five uniaxial tests are used to calibrate the proposed
model, i.e. tensile tests in the MD, CD and 45◦ directions and compression tests in the
MD and CD directions. For the calibration process, the materials directions MD and CD
are assumed to coincide with e1 and e2 in the coordinate system without loss of generality.
Then all components of the stiffness tensor can be given with respect to the material
principal directions.
3.5.1. Elasticity
As discussed initially, the in-plane response and the out-of-plane response are considered
to be decoupled, and only the in-plane material properties are involved in the current
study. Taking advantage of this assumption and using n1 = [1, 0, 0]
T and n2 = [0, 1, 0]
T,
the in-plane stiffness representation Lˆip of the stiffness tensor L is obtained by removing
all terms relating to the out-of-plane material properties, which is written as (see [Reese
et al., 2001a])
Lˆip =

2Kani11 −K iso2 +Kcoup ani 0
−K iso2 +Kcoup ani 2Kani21 0
0 0 K iso2
 . (3.23)
Finally, it only consists of 4 independent parameters. By comparing this expression to the
classical formation of orthotropic elasticity, where the matrix is given by
Cˆip =
1
1− v12v21

E11 v21E11 0
v12E22 E22 0
0 0 2 (1− v12v21)G12
 , (3.24)
it enables to get some insight into the physical meaning of these parameters. The parame-
ters E11 and E22 are the elastic modulus in MD and CD, respectively. ν12 and ν21 denote
the Poisson’s ratios and G12 denotes the shear modulus. Apparently, the parameters K
ani1
1
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and Kani21 represent the elastic modulus in the MD and CD directions, while the parameter
Kcoup ani serves the coupling between these two principal directions so as to describe the
Poisson’s effect. In addition, K iso2 has a meaning of the shear modulus. It also enters
the stretch part, which seems very reasonable according to Eq. (3.24). Using the least
squares method, all these parameters included in Eq. (3.23) can be determined by fitting
to the MD, CD and 45◦ experimental data in Section 3.3.3. To conclude, the comparison
of Eqs. (3.23) and (3.24) leads to the 4 independent material parameters related to the
in-plane elastic properties being listed in Table 3.1.
Table 3.1.: Elastic parameters fitted from experiments
Parameter Kani11 K
ani2
1 K
coup ani K iso2
Value [MPa] 2966.7 1034.8 2212.7 1313.3
3.5.2. Plasticity
This section first shows the calibration procedure of 7 anisotropic yield surface parameters.
Then a brief description on how to identify 7 initial yield stress parameters is provided,
followed by details on the simplification of 2 isotropic hardening and 4 kinematic hardening
parameters.
3.5.2.1. Yield Sub-surfaces
The yield plane normals Mα determine the material plastic flow direction, which have
been shown to remain nearly constant. With respect to the material principal directions,
they are given by
M1 =
1√
1 + dMD
2

1 0 0
0 dMD 0
0 0 0
 , M5 = 1√2

0 1 0
1 0 0
0 0 0
 ,
M2 =
1√
1 + dCD
2

dCD 0 0
0 1 0
0 0 0
 , M6 = −1√2

0 1 0
1 0 0
0 0 0
 ,
(3.25)
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where dMD and dCD are the ratios between the lateral plastic strain and the axial plastic
strain during uniaxial tensile test in the MD and CD directions, respectively. The shear
yield plane normals, i.e. M5 and M6, are determined to result in a volume preserved plastic
deformation in pure shear mode. Recently, to further evaluate the pure shear deformation
mode, Tjahjanto et al. [2015] introduced one more parameter to M5 and M6. However, it
will turn out the current treatment will provide a good enough fitting to the experiments.
For the remaining yield planes associated with the negative stress states, it is still assumed
to take the opposite normals of their corresponding yield planes in the positive stress states,
i.e. M3 = −M1 and M4 = −M2. For the investigated material in this study, the mean
value of dMD and dCD were found to be −0.62 ± 0.05 and −0.14 ± 0.02 from Figure 3.4,
respectively. Finally, the parameter k in the yield function can be determined from biaxial
tests. In this study, the value k = 2 has been taken due to lack of experimental results.
3.5.2.2. Initial Yield Stress
As shown in Figures 3.5, the uniaxial tests reveal no clear yielding point which can be
identified directly. In this study, a critical residual is specified to locate the point when
fitting the Young’s modulus. The initial yield stress in the MD, CD and 45◦ directions can
then be identified accordingly. If taking the yield stress for MD tension as the reference
initial yield stress σ0, it is simple to calculate the ratio of the initial yield stress for each
direction to the reference one:
reference stress: σ0 = σ
t0
MD,
MD tension: RtMD =
σt0MD
σ0
, MD compression: RcMD =
σc0MD
σ0
,
CD tension: RtCD =
σt0CD
σ0
, CD compression: RcCD =
σc0CD
σ0
,
45◦ tension: Rt45◦ =
σt045◦
σ0
.
(3.26)
Following the same calibration procedure for the yield strength highlighted in [Xia et al.,
2002], the ratio, r0α (α = 1, ..., 6), of the distance between the origin and the αth yield sub-
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surface to the reference value, σ0, are then obtained as follows
r01 =
(
Ω2
Ω1
) 1
2k
,
r02 =
(
Ω4
Ω3
) 1
2k
,
r03 = R
t
CDM
3
22
[
1− (RtCDM222)2kΩ3Ω4
]− 1
2k
,
r04 = R
t
CDM
4
11
[
1− (RtMDM111)2kΩ1Ω2
]− 1
2k
,
r05 = r
0
6 =
Rt45◦M
5
12
2
{
1−
[
Rt45◦
2r01
(
M111 +M
1
22
)]2k − [Rt45◦
2r02
(
M211 +M
2
22
)]2k}− 12k
,
(3.27)
where
Ω1 =
[
RcCDM
4
22
]2k − [RtMDM411]2k,
Ω2 =
[
RtMDR
c
22
]2k [(
M111M
4
22
)2k − (M122M411)2k] ,
Ω3 =
[
RcMDM
3
11
]2k − [RtCDM322]2k,
Ω4 =
[
RcMDR
t
CD
]2k [(
M311M
2
22
)2k − (M322M211)2k] .
(3.28)
3.5.2.3. Strain Hardening
Using the first two evolution equations in (3.20), the following expression for the internal
variable κ is obtained,
κ =
∫
κ˙ dt =
∫
‖ε˙p‖ dt, (3.29)
which is referred to as the accumulated equivalent plastic strain in this study. It then
directly leads to the following relationships between the plastic strain εp in the loading
direction and the accumulated equivalent plastic strain κ,
MD test: κ =
√
1 + dMD
2εp,
CD test: κ =
√
1 + dCD
2εp.
(3.30)
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(a) Representation of the hardening in MD tension and reverse
loading
(b) Evolution of yield surface during tension followed by compres-
sion in MD
Figure 3.8.: Compression after pre-tension
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Then by considering the reverse loading effect, the remaining hardening evolution pa-
rameters can be identified from the MD, CD tension as well as the in-plane shear. First,
for the case of MD tension σ = σtMDm1, the evolution of the kinematic and the isotropic
hardening components is illustrated in Figure 3.8(a). As discussed in Section 3.3.3, the
yield stress in the reverse loading of MD tension does not depend on the previous ten-
sion quantity. Figure 3.8(b) shows the evolution of the yield surface during the uniaxial
tensile test followed by compression in MD. Consequently, the following relations are then
obtained:  R
t
MDσy + χ = σ
t
MD,
RcMDσy − χ = RcMDσ0,
(3.31)
where σy = σ0 +R is the reference yield stress. As a result, the combination of Eqs. (3.14),
(3.26) and (3.31) leads to the following expressions:
σtMD = R
t
MDσ0 +
(
RtMD +R
c
MD
)
Q
(
1− e−βκ
)
(3.32)
and
χ = RcMDQ
(
1− e−βκ
)
. (3.33)
On the other side, using Eqs. (3.20) and (3.29), the evolution of the back stress χ in its
uniaxial form can be integrated analytically as
χ =
c1
b
√
1 + dMD
2
(
1− e−bκ
)
. (3.34)
The comparison of Eqs. (3.33) and (3.34) establishes the important ralations
c1 =R
c
MD
√
1 + dMD
2Qβ,
b = β,
(3.35)
which relates the combined hardening evolution to the isotropic one. Similarly, the cases
of CD tension σ = σtCDm2 and in-plane shear σ = σ
t
45◦ (n1 ⊗ n2 + n2 ⊗ n1) yield the
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additional equations
σtCD =R
t
CDσ0 +
(
RtCD +R
c
CD
)
Q
(
1− e−βκ) ,
σt45◦ = r
0
5σ0 + 2r
0
5Q
(
1− e−βκ) ,
c2 =R
c
CD
√
1 + dCD
2Qβ,
c3 = r
0
5Qβ.
(3.36)
As expected, owing to the preserved compression yielding effect under reverse loading,
the required number of material parameters are reduced in general. Due to the lack of
experimental data in the shear direction, the hardening parameters Q and β are computed
by fitting Eq. (3.32) and the first formula of Eq. (3.36) to the uniaxial MD and CD tension
curves simultaneously. Figure 3.9(a) shows the fitting to the experimental data, which
indicates a good agreement in both directions. Afterwards, Eq. (3.35) and the last two of
Eq. (3.36) allow establishing the kinematic hardening parameters c1, c2, c3 and b. Finally,
the simulated loading and reverse loading stress-strain curves are shown in Figure 3.9(b),
representing the preserved compressive yield effect. It is also noted that the tensile yield
stress is sensitive to previous compression in this model, as shown by the blue curve in
Figure 3.9(b). This sensitivity requires further verification due to a lack of experimental
evidence in the current work.
It should be emphasized that the calibration procedure described above indicates only 10
independent parameters (listed in Table 3.2) are involved to describe the anisotropic plas-
ticity with combined isotropic and kinematic hardening. The cyclic loading is not required
for calibration even though the model is able to account for the nonlinear kinematic hard-
ening effect. The definition and the measured value of these parameters are summarized
in Table 3.2. Furthermore, the present model significantly reduces the required number
of material constants as compared to [Borgqvist et al., 2014, Tjahjanto et al., 2015, Xia
et al., 2002].
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(a) Comparison of fitting (dashed line) and experimental data (solid line) in
MD and CD tension
(b) Loading-unloading in MD and CD
Figure 3.9.: Uniaxial tensile tests in MD and CD
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3.6. Prediction and Validation
To validate and evaluate the model, two examples are presented by simulating the exper-
imental set-up of different tests.
3.6.1. Uniaxial Response
While the model was only calibrated with the experimental data in the MD and CD
directions, and partly 45◦ direction, the stress-strain behavior during tensile loading in
additional off-axis directions was predicted using these parameters. As shown in Fig-
ure 3.10, the comparison of the dashed lines for the predictions and the continuous lines
for the experiments shows good agreement, indicating the proposed model can describe
the elastic-plastic behavior of paper over the whole range of in-plane deformation until
failure.
Figure 3.10.: Comparison of experimental (solid line) and predicted (dashed line) stress-
strain curves for uniaxial tension in the 30◦, 45◦ and 60◦ directions
3.6.2. Punch Test
To further validate the model, experimental investigations of paper under complex loading
conditions were performed with the set-up shown in Figure 3.11. It included a ’Zwick
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Z100’ load frame and the aforementioned ’Aramis 4M’ DIC system, which allowed syn-
chronized recordings of force, displacement, and strain field. The dimension of the set-up
was L = 155 mm, W = 70 mm and D = 70 mm. The considered test procedure shares
some similarities with the Nakajima test applied to the sheet metal materials measure-
ment. However, due to the small thickness of paper, the bending stiffness is so small to
be neglected without any significant errors. Therefore, it is very suitable to investigate
the in-plane deformation behavior. Both ends of the specimen were first clamped to the
holders, and the blank holder force was applied to hold the specimen in place through the
whole test process. The load was applied to the punch at a crosshead speed of 0.15 mm/s
until fracture occurred. The whole punch test was also analyzed using the static implicit
solver of Abaqus using 76422 C3D8 elements with the boundary conditions given in Fig-
ure 3.12. Due to the symmetric characteristics of the whole set-up, only one quarter of the
specimen was simulated.
Figure 3.11.: Punch test set-up (1 - MD direction and 2 - CD direction)
The experimentally obtained punch force-displacement curve is compared to the numer-
ical prediction, as shown in Figure 3.13. It indicates a good agreement has been achieved
between simulation and experiment prior to a relatively high load value (around 170 N)
being attained. Since the current model does not involve any damage or fracture effect,
the prediction cannot capture the final range in the experiment. In addition, the experi-
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Figure 3.12.: Finite element model of the punch test
Figure 3.13.: Force–displacement curves for both experiment and prediction of the punch
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Figure 3.14.: Experimentally (bottom) and numerically (top) obtained strain fields ε1
Figure 3.15.: Experimentally (bottom) and numerically (top) obtained strain fields ε2
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mentally and numerically obtained strain fields are also compared. Figures 3.14 and 3.15
illustrate the strain fields ε1 and ε2 obtained experimentally and numerically at two dif-
ferent punch displacement levels (7.92 mm and 13.00 mm), respectively, which are marked
in Figure 3.13. The inherent inhomogeneity of paper leads to some visible variation in the
measured strain field. However, in general, the contour plots indicate the current model
can provide a reasonable estimation of strain at different displacements. Furthermore, it
is clear that the continuum model appears to work very well in this length scale, although
the typical fiber length is around 0.5 mm - 1.0 mm with width around 20 µm - 80 µm.
This is most likely due to the high density inter-fiber joints, which homogenize the local
strain.
3.7. Conclusions
To describe the highly anisotropic mechanical behavior of paper, an in-plane elastic-plastic
constitutive model has been presented. The elastic part of the model was constructed by
involving the concept of structural tensors, while the plastic part incorporated combined
hardening effects in addition to the yield criterion proposed by Xia et al. [2002]. By us-
ing the elastic free energy, the introduction of the structural tensor related the elastic
anisotropy to the principal directions of paper. The calibration procedure for the elastic
part of the model showed the physical meaning of the material parameters used in the
elastic energy function. In addition, the modified yield criterion could capture the experi-
mentally observed compression yielding effect under reverse loading, which in turn reduced
the required material parameters as expected. Therefore, the advantage of this model lies
in its capability to describe the in-plane anisotropic hardening by only using a limited
number of material constants. It also turned out that the calibration procedure for the
plastic part was straightforward and easily handled. With the fitted parameters, the model
was shown to predict in-plane stress-strain behavior for other orientations satisfactorily.
Furthermore, another validation experiment, the punch test, was conducted to investigate
the performance of the model. The predicted strain field was compared to the measured
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one, displaying a reasonable agreement. Consequently, the numerical examples showed
that the current model was suitable to simulate the in-plane anisotropic deformation of
paper. Finally, since all the equations were derived in a thermomechanically consistent
framework, it can be easily extended in the future to consider the out-of-plane deforma-
tion, which exhibits significant large strain both in normal tension and compression. This
will enable the simulation of complex loading conditions, such as the paperboard creasing
and folding process.
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4.1. Abstract
Laminated paperboard is widely used in packaging products. Interface delamination plays
a crucial role in converting paperboard to a carton through the creasing and folding process.
Thus, the aim of this study is to experimentally and numerically investigate the interface
fracture behavior in pure crack opening mode (mode I) and sliding mode (mode II). Four
experimental tests have been evaluated and compared to numerical simulation, namely, the
z-directional tensile test (ZDT), double-notch shear test (DNS), double-cantilever beam
test (DCB) and end-notched flexure test (ENF). It was shown that, for the paperboard
specimens tested, the ZDT test was sufficient to fully characterize the mode I crack growth
response. However, the DNS and ENF tests were required to determine the maximum
shear stress and the fracture toughness of pure mode II, respectively. Further mixed-mode
investigation would enable the analysis of paperboard delamination behavior during the
creasing and folding process.
4.2. Introduction
Laminated paperboard is widely used in packaging products such as toys, beverages and
frozen foods. Its relatively low price, sustainability and straightforward manufacturing
process make it an attractive packaging material.
In order to appeal to customers, there must be well defined edges and corners and an
attractive, undamaged outer layer in the final paperboard package. In industry, almost all
paperboard packaging is created by folding the paperboard blank around predetermined
crease-lines. The quality of folds and the likelihood of cracking of the outer surface layer
depend on the prefabricated fold lines made by a creasing operation. During this operation,
the paperboard is pressed into a channel by a creasing rule to obtain a locally deformed
zone. A good crease introduces delamination in the deformed zone to locally reduce its
bending stiffness, which increases the ease of folding later on. Most of the delamination
occurs in the interfaces between different layers of the paperboard. Therefore, it is interface
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delamination that plays a crucial role during the whole creasing and folding processes.
However, systematic studies of the interface properties of paperboard are rarely found in
the literature.
Investigations about paperboard mechanical properties have mainly focused on the de-
scription of the anisotropic mechanical behavior. For recent studies on constitutive mod-
eling of the in-plane (machine direction (MD) and cross-machine direction (CD)) and
out-of-plane (ZD) behavior of paper and paperboard, see e.g. [Bolzon and Talassi, 2014,
Borgqvist et al., 2015, Considine et al., 2014, Tjahjanto et al., 2015]. However, there are
also a limited number of contributions specifically focused on delamination analysis in the
paperboard creasing and folding process. Using a simple parallel beam model, Carlsson
et al. [1983] first studied the stiffness loss in the creased zone due to delamination and sub-
sequent buckling of the compressed layers. Experimental studies with different artificial
implanted interlaminar defects were also conducted. In order to account for the nonlin-
ear stress-strain behavior in the out-of-plane direction of paperboards, Xia et al. [2002]
proposed a cohesive interface model based on the experimental data from Stenberg et al.
[2001]. The model is elastic–plastic with damage softening in terms of traction and sepa-
ration. Nyg˚ards [2009] further altered the strength and stiffness degradation functions to
better capture the experimental observations. The experimental data used for that model
were measured from the response of a whole laminated paperboard, which contained three
midlayers and two identical interfaces. Since it is difficult to prepare a specimen containing
only one interface, the experiment in the current study was also conducted on a laminated
paperboard. Furthermore, several studies have been performed to account for the delami-
nation behavior in creasing and folding of paperboard based on the cohesive zone model,
e.g. [Beex and Peerlings, 2009, Huang and Nyg˚ards, 2011].
In multi-ply paperboards, the different layers are bonded to each other by starch (fiber
bonding) or adhesive materials (adhesive bonding) [Alava and Niskanen, 2006, Schmied
et al., 2013]. The adhesive bonding is usually used to bond the paper ply and other
functional plies, such as aluminum foil coating and low-density polyethylene (LDPE). It
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is also widely employed to join the outer flat liner and the interior flute in corrugated
paperboards. In this case, there are no fibers crossing the interfaces. Either way, inter-
faces normally introduce weaker regions in the thickness direction, which are essential to
maintain good folding of paperboard. Therefore, delamination in a multi-ply paperboard
takes place either by interface fracture between different paper layers or by tearing of the
functional layers adjacent to the adhesive. The strength of these two different kinds of
interfaces depends on the pulp and glue property as well as on the manufacturing process.
Many methods have been developed to measure the interlaminar strength of paperboard.
For example, Korin et al. [2007] used the Y-peel test to characterize the behavior and
strength of adhesively bond joints. Conde et al. [2012] analyzed the deformation of hot-
melt adhesive joints in corrugated board under shear loading using a typical Arcan device.
Magnusson et al. [2013] investigated the interfiber joints strength under shear and normal
loading for a single fiber-fiber bond. Fischer et al. [2012] further tested the fiber-fiber
bond under biaxial loading. In the paperboard laminate level, Koubaa and Koran [1995]
compared three commonly employed methods for measuring interface strength: the z-
directional tensile test (ZDT), the wheal delamination test (WDT), and the Scott bond
test (SBT). To correlate the popular SBT method to interface fracture, an attempt to
examine the SBT method analytically was presented by Isaksson et al. [2010]. In addition,
Fellers et al. [2012] illustrated the fact that the SBT method gave higher fracture energy
values than that obtained in the ZDT test. However, it should be noted that these tests
do not measure the same thing, and it is therefore difficult to establish a direct relation
between these tests and the interface fracture properties under pure basic crack modes,
which are commonly adopted by the aforementioned delamination analysis.
Due to the paperboard design demands, an adhesive bonding crack is not desired during
the folding process; hence the delamination between paper layers becomes a dominating
damage mechanism. Furthermore, since the dimension along the crease-line direction
is very large in comparison with the dimensions of the deformed zone in the other two
directions, usually it is almost a plane strain situation during the creasing as well as the
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folding process. Therefore, the in-plane crack modes are more likely to occur, rather than
the out-of-plane shearing mode (mode III). The aim of this paper is to experimentally
and numerically investigate the interface fracture behavior in pure crack opening mode
(mode II) and sliding mode (mode II). In addition to this study, further mixed-mode
investigations would enable the analysis of paperboard delamination behavior during the
creasing and folding process. The techniques involved in this study to characterize the
delamination property include: z-directional tensile test (ZDT), double-notch shear test
(DNS), double-cantilever beam test (DCB) and end-notched flexure (ENF).
4.3. Experimental Materials and Methods
4.3.1. Preparations of Specimens
The laminated paperboard under consideration consists of five layers, each of which is
composed of a network of bonded fibers, as shown in Fig. 4.1. To produce the paperboard,
five wet sheets were first pressed together between a pair of rollers and then heated with
hot cylinders to remove the remaining water. In this process, hydrogen bonds can form at
adjacent fiber surfaces. This was done so that different layers will adhere to each other by
mechanical interlocking and chemical bonding between cellulose fibers. Both the front and
back layer were made of pure softwood suphate pulp, while the three intermediate plies
were a mixture of unbleached softwood sulphate and Thermo-Mechanical Pulp (TMP).
Since these three intermediate plies share the same constituents and properties, they are
simply referred to as the midlayer in this study. It is clear that these five plies contain
three different kinds of interfaces, i.e. front-mid, mid-mid and mid-back. However, it
is very difficult to prepare a specimen containing only one interface. Hence, in order to
consistently conduct tests on the same type of interface, the front and back layers were
separated from the paperboard by grinding. As a result, the final paperboard specimen
only comprised of two interfaces of the same type and had a thickness of 0.21± 0.01 mm.
In the experiment, all the samples were glued to metal or plastic platens using a strong
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adhesive (Loctite EA9466). To avoid excess glue penetration into the paper specimen, a
polyester adhesive was sprayed onto both surfaces of the specimens before mounting on
the metal or plastic platens.
Figure 4.1.: Microscopic picture and schematic of the paperboard
Figure 4.2.: In-plane stress-strain curves
To characterize the mechanical behavior of the midlayer, in-plane tensile tests were
conducted in the MD and CD as well as in the 45◦ direction. By observing two points in
the transversal direction simultaneously, the in-plane Poisson’s ratio values were recorded
Stier et al. [2015]. The tensile test samples were cut from a large midlayer sheet, which
contained two interfaces. The shape and dimensions of the test samples followed the
standard ISO 1924-2:2008. They were 200 mm long and 15 mm wide. The in-plane
uniaxial tensile stress-strain curves for the MD, the CD and an orientation 45◦ are plotted
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together in Fig. 4.2. These stress-strain curves clearly depict the difference in the modulus
and initial yield strength between MD and CD. Regarding the out-of-plane properties, the
experimental procedure reported by Nyg˚ards et al. [2007] and Nyg˚ards [2008] was adopted
for the measurement of a single layer. The sample was cut to be 20 mm × 20 mm wide
to include a sufficient amount of fibers. It should be noted that the test stopped when
observing a pronounced load drop. As shown in Fig. 4.3, apparently, the out-of-plane
stress-strain curves are not as smooth as the in-plane direction due to the layer’s small
thickness. The mechanical properties of the midlayer obtained from the aforementioned
tests are shown in Table 4.1. Here, the out-of-plane Poisson’s ratios are supposed to be
zero according to the results of Stenberg and Fellers [2002]. Noteworthy, all the measured
values are the nominal ones in this study.
Table 4.1.: Material properties of midlayer
Young’s modulus [MPa] Yield stress [MPa] Ultimate tensile
strength [MPa]
MD 2905.4± 105.7 14.1± 0.6 24.0± 0.5
CD 1039.2± 65.3 5.4± 0.6 11.6± 0.5
ZD 15.1± 1.5 0.420± 0.032 0.450± 0.043
MD-CD 659.6± 65.2* − −
MD-ZD 43.4± 2.7 1.970± 0.060 1.970± 0.060
CD-ZD 30.5± 1.3 0.967± 0.038 1.356± 0.068
Poisson’s ratio νMD−CD = 0.32 νMD−CD = 0 νMD−CD = 0
*This value is calculated using the modulus in 45◦ direction and other measured in-plane elastic
parameters.
In order to discover whether delamination takes place directly at the interface during
creasing process, a creased specimen was investigated. Micro CT images were taken to
obtain high quality 2D slices with sufficient contrast and resolution. Then image filtering
and a segmentation procedure generated binary representations, with all the information
provided by the greyscale images. A stack of these images was used to construct the
3D structure using the software 3D Slicer. The visualization of the 3D structure enables
insight into the detailed creasing characteristics. Fig. 4.4 shows a representative sectional
view of the paperboard (see Fig. 4.1) after creasing in a standard creasing machine. It
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Figure 4.3.: Out-of-plane stress-strain curves: (a) ZD tension (b) shear along MD and CD
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is clear that almost all of the delamination occurred on the interfaces between different
layers. Particularly, the midlayer has been completely split into three separated plies.
Therefore, it is reasonable to consider the interface crack as the dominating delamination
mechanism in the paperboard creasing process.
Figure 4.4.: CT slice of creased paperboard and the corresponding 3D structure
4.3.2. Experimental Methods
It is well known that any fracture mode in a cracked body can be described by one of
three fundamental fracture modes or their combinations. In this study, only the opening
mode (mode I) and the sliding mode (mode II) were taken into consideration. Here, the
z-directional tensile test (ZDT) and the double-cantilever beam test (DCB) were employed
to characterize mode I, while the double-notch shear test (DNS) and the three-point end-
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notched flexure test (ENF) were adopted for mode II quantification. At least five specimens
were measured for each test. These specimens did not contain any creasing effect. The
tests were performed in a ‘ZWICK Z5’ testing machine where time, force, and crosshead
displacement were generated by its internal sensors.
4.3.2.1. Mode I Tests
The ZDT test was described in detail by Andersson and Fellers [2012], as shown in
Fig. 4.5(a) and 4.5(b). The paperboard specimens were cut to 20 mm × 20 mm from
the whole laminate and then glued to the tool platens. Due to the protection of the
sprayed surface, the adhesive adhered to the surface of the paperboard with only slight
penetration. The curing lasted for around 24h under pressure at ambient temperature to
reach maximum strength. The adhesive layer as well as the clamp was assumed to be
infinitely strong compared to the paper for the deformation evaluation. Furthermore, in
order to make sure crack initiation and propagation occurred along the same interface, a
5 mm long pre-crack was created at each side of the specimen first by peeling and then by
cutting between layers using a razor blade. Fig. 4.5(c) shows the cut bridging fibers in the
pre-crack tip along the direction marked in Fig. 4.5(a). The influence of bridging fibers
across the interface on the delamination property will be discussed in Section 4.4.1. The
ZDT test was displacement controlled with a loading speed of 0.5 cm/min.
For carbon fiber reinforced plastics (CFRP), it is difficult to use the ZDT test to char-
acterize the crack propagation behavior, whereas the DCB test has been standardized to
determine the fracture toughness because of its simplicity and practicality. The paperboard
in this study was too thin and soft for the DCB test. Hence, the tested specimens were
first mounted onto two plastic pieces using the aforementioned bonding procedure, and
then the DCB test was carried out following the standard given in ASTM D5528 (2007),
although it was originally developed for unidirectional CFRP. The plastic pieces have the
mechanical properties: E = 3941 MPa and v = 0.23, which were measured by performing
a group of standard tensile tests following ASTM D638. Fig. 4.6 depicts the specimens
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Figure 4.5.: (a) ZDT set-up, (b) ZDT specimen, and (c) pre-crack tip
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with two piano hinges for load introduction. The pre-crack was first created by peeling the
specimen before bonding to the plastic pieces. After bonding, it was cut using a razor blade
and finally a thin LDPE film (9 µm thick) was inserted into the pre-crack of the specimen.
The film probably led to further crack, which will be discussed in Section 4.4.1. Load was
applied to the specimen through piano hinges at a crosshead speed of 5 mm/min until
the load markedly decreased. Both load and displacement were recorded by the internal
sensors of the testing machine, while the delamination crack tip and its extension during
the fracture test were monitored using an optical microscope (DNT DigiMicro Profi). For
reasons that will be explained in Section 4.4.1, it was not necessary to calculate the fracture
toughness from the DCB test using beam theory or reduction methods.
Figure 4.6.: DCB specimen geometry
4.3.2.2. Mode II Tests
The DNS test (Fig. 4.7(a)) was used for interlaminar strength measurement, but it was
not suitable to determine the fracture toughness due to the unstable crack growth under
displacement control as will be discussed later. As a result, the end-notched flexure (ENF)
test was introduced as a pure mode II fracture toughness test. It should be noted that the
double pre-cracks in the DNS specimen required careful preparation to prevent premature
damage. The DNS specimen had the same dimension as the ZDT specimens, i.e. 20 mm×
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20 mm with a 5 mm long pre-crack at each end. Fig. 4.7(b) provides the schematic
illustration of the ENF specimen geometry, which was 120 mm long and 20 mm wide.
The specimen was loaded in a standard three point bending fixture (Fig. 4.7(c)) with a
distance between the supports, 2L, of 100 mm according to ASTM D2344. Similar to the
DCB test, a thin film was placed at the pre-crack to define a starter crack, a0, of 25 mm
measured from the loading point. It was possible to clearly delineate the end of the static
pre-crack by cracking the failed specimen into two separated parts. Since the pre-crack did
not always coincide exactly with the tick marks on the edges of the specimen, the initial
pre-crack length was corrected based on the distance measurement between the support
cylinder imprint and the initial crack front. After that, the corrected value was used to
perform the fracture toughness calculation. In addition, the other side of the specimen
was clamped rigidly to avoid possible crack initiation during the loading process. All tests
were performed at a loading speed of 1 mm/min on the same test frame as the DCB
experiments. An optical displacement transducer was used to record displacements of the
upper fixture, while crack location measurements were made by a microscope.
The fracture toughness, GIIC, can be determined using beam theory or the experimental
compliance calibration method. In the latter method, the compliance is measured at
different crack lengths by loading the specimen at loads small enough not to promote
crack extension. It requires several accurate measurements of crack length in order to
obtain a set of compliance values. This yields a higher coefficient of variation for GIIC
compared to the beam theory method Davies et al. [1999]. Therefore, the corrected beam
theory proposed by Carlsson et al. [1986] was adopted in this study. Eq. 4.1 shows the
equation for GIIC for a specimen with a constant width, w:
GIIC =
9a2P 2
16w2h3E
[
1 + 0.2(
h
a
)2
E
G
]
(4.1)
where a is the crack length, E and G are the flexural modulus and the shear modulus of
the plastic pieces, respectively, while the other parameters in the equation are all defined
in Fig. 4.7(b). The formula does not take into account the compliance of the adhesive
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layer and the specimen itself.
4.3.3. Numerical Model
To simulate the delamination growth during the DCB and ENF tests, two-dimensional
plane strain finite element models were created as shown in Fig. 4.8. The three cylinders
were considered to be rigid, whereas both plastic pieces and paperboard were modelled as
linear elastic materials. The orthotropic elastic modeling of paperboard layer was moti-
vated by the observed linear deformation prior to the maximum load in the out-of-plane
deformation case (Fig. 4.3). The popular zero-thickness cohesive zone model (CZM) ele-
ments were placed at the mid-plane of the test specimen. This model was characterized by
constitutive equations which related the applied traction to the separation at the interface.
As shown in Fig. 4.9, the traction-separation law was assumed to be linear prior to damage
onset, and an exponential function described the softening after damage initiation. The
single mode relationship was expressed as
τi =

Kiδi, if max(δi) ≤ δ0i
(1−Di)Kiδi, if δ0i < max(δi) < δfi
0, if max(δi) ≥ δfi
(4.2)
Di =
∫ δi
δ0i
τi
GiC −Gi0 dδi, i = I, II; Di ∈ [0, 1] . (4.3)
In order to avoid interpenetration of the crack surfaces, the following condition was
introduced,
τI = K
c
I δI, if δI ≤ 0, (4.4)
such that no damage was included in compression. Here, KcI is the penalty stiffness in
compression. It needs to be high enough to avoid introduction of a fictitious compliance
to the model Turon et al. [2007]. In the expressions (4.2), (4.3), and (4.4), Di is the scalar
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Figure 4.7.: (a) DNS specimen, (b) ENF specimen geometry, and (c) ENF set-up
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damage variable representing the overall damage at the interface, which has a value between
0 and 1. Ki is the penalty stiffness. Gi0 and GiC denote the elastic energy at damage
initiation due to failure and the fracture toughness (energy release rate), respectively. All
the other parameters are defined in Fig. 4.9.
Instead of the aforementioned group of parameters, Ki, δ
0
i , and δ
f
i , an alternative group
of parameters required to define the interfacial behavior are the penalty stiffness, KI and
KII, the corresponding fracture toughness, GIC and GIIC, and the corresponding interlam-
inar normal tensile and shear strength, τmaxI and τ
max
II . These parameters were specified
in Abaqus to define the traction-separation law of the CZM in this study. To simulate
the delamination process, the two beams were modeled by 4-node plane-strain elements
(CPE4 from Abaqus), and the interface was modeled using COH2D4 4-node cohesive el-
ements, compatible with the CPE4 elements. Prior to the analysis, a mesh dependency
study was carried out to ascertain whether the selected mesh refinement was enough to
ensure convergence, as shown in Fig. 4.10. Finally, the DCB model included 5485 CPE4
elements and 205 COH2D4 elements, while the ENF model had 7020 CPE4 elements and
218 COH2D4 elements.
Figure 4.8.: Finite element meshes in the DCB and ENF simulations
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Figure 4.9.: CZM traction-separation response: (a) Mode I and (b) Mode II
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Figure 4.10.: Load-displacement curves with different mesh sizes for: (a) DCB test and (b)
ENF test
4.4. Results and Discussion 103
4.4. Results and Discussion
4.4.1. Delamination Mode I
The ZDT test resulted in a combined response of the midlayers and the interfaces. From
a rheological point of view, it could be considered as a series connection of interface and
midlayer. After removing the layers’ contribution from the measured deformation, the
curve directly translated to the traction-separation law. Fig. 4.11 shows the measured
traction-separation curve from the ZDT test. It shows a nearly linear increase of traction
with separation prior to the peak value, and afterwards an exponential reduction up to
complete failure. Obviously, the ZDT specimen geometry promotes a stable crack growth,
enabling the identification of all critical parameters to characterize pure mode I, e.g. the
maximum traction, τmaxI , and the fracture toughness, GIC. Also, the curved shape indi-
cates that the exponential softening adopted in the numerical model was very reasonable.
The measured maximum traction and fracture toughness for the mid-mid interface were
τmaxI = 0.295 ± 0.026 MPa and GIC = 0.115 ± 0.015 MPa ·mm, respectively. Here, the
fracture toughness was obtained by evaluating the area under the traction-separation curve
in Fig. 4.11. In addition, the penalty stiffness in tension was approximated by fitting to
the initial linear part of the measured curve, i.e. KI = 10.0±0.3 MPa/mm, while its value
in compression KcI was set to be 4000 MPa/mm. It has been large enough to avoid addi-
tional fictitious compliance to the model [Turon et al., 2007]. Using these values as well
as the parameters in Section 4.3.1 and 4.3.2.1, the predicted load-displacement relations
from numerical simulation are plotted in Fig. 4.12 along with the experimental data from
the DCB tests. Note: in Fig. 4.12, the upper and lower numerical curves only stem from
the different values of GIC, whereas the variation of τ
max
I affects the mechanical response
only slightly. Fig. 4.12 indicates reasonable agreement between simulation and experiment
data. The upper and lower simulation curves bound the test data, with the mean curve
providing the best fit.
Although the general curve appears to be captured quite well, the initial curve and
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Figure 4.11.: Traction-separation curve from ZDT test
Figure 4.12.: Load-displacement relations for DCB test and simulation with various frac-
ture toughness
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peak loads do not quite match up between the model and experiment. It is hypothesized
that this is due to the fact that the ZDT and DCB specimens had two different methods
of making pre-cracks. After peeling the specimen, the ZDT pre-crack was cut with a
razor blade, while the DCB specimen pre-crack was first made by a razor blade and then
by inserting a thin film between the layers. Fig. 4.13 shows the pre-crack preparation
procedure of ZDT and DCB specimens. The pre-crack made with a razor blade was very
sharp, going from connected to unconnected very abruptly. The film, on the other hand,
was inserted before joining of the two layers and left a region just past the film that had
some bonding but not as much as the rest of the interface. This region caused the initial
curve for the experiments to be non-linear, meaning that there was probably some damage
or maybe even slight extension of the pre-crack into the less-bonded area before reaching
the homogenously bonded area. The model used data from the ZDT test, which probably
had a sharper crack tip. To test this hypothesis, the influence of the pre-crack tip was
isolated. The specimen was loaded to the peak load, and then unloaded back to 0. The
crack tip had grown slightly, and this tip was made from tearing rather than a film. This
specimen was then re-loaded. The exact test was done with the model. As can be seen in
Fig. 4.14, once the crack was opened slightly, the two curves are in nearly exact agreement.
This shows that the method of pre-cracking affected the initial part of the curve, and the
film did not leave a sharp crack tip.
Actually, it is more meaningful and reasonable to establish the fracture toughness using
the one corresponding to steady crack growth. In practice, fiber bridging is very likely to
occur in paperboard delamination, determined by paper layers’ microstructure character-
istics. To examine this factor in more detail, the specimens were examined before testing,
and fracture surfaces after the test were viewed in a microscope. As shown in Fig. 4.15(a),
each paper layer was a planar bonded fiber network, with nearly no fibers oriented in the
thickness direction. Crack growth was facilitated by either fiber to fiber bond failure, or
complete fracture of a fiber. It has been demonstrated that bond failures dominates the
paper in-plane fracture Alava and Niskanen [2006]. This also appeared to be the case
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Figure 4.13.: Pre-cracking of ZDT and DCB specimens
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Figure 4.14.: Load-displacement for loading, unloading and reloading loops
during paperboard delamination. Fig. 4.15(b) shows the microscopic profile of the cracked
DCB specimen surface. There were more fibers pulled out from layers, which appeared
to have a sharp end. The fibers varied from 0.2 mm to 5.0 mm long in the midlayer and
had typically 50 bonds with other fibers. Consequently, it was very likely that two ends of
a fiber bonded two separated layers, when middle bonds failed during interface opening.
With crack propagation, fibers were gradually removed by pull-out from their paths. This
fiber bridging phenomena was observed in the DCB test, and also in the following ENF test
and the creasing procedure. Fig. 4.16 shows four snapshots of the DCB specimen taken at
the displacement levels marked with 1-4. It indicates obvious fiber bridging between the
top and the bottom beam.
Fig. 4.17 shows the fracture surface after DCB test and ZDT test. Since there are two
interfaces in the specimen, it is clear that the crack can jump from one interface to the
other. This took place by breaking the layer between these two interfaces, resulting in an
obvious force jump in the load-displacement curve of the DCB test (see Fig. 4.16). Since
some local weaker regions were randomly distributed in the paper layer, the crack jumps
were very likely to occur. By contrast, the traction-separation curve from the ZDT test
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Figure 4.15.: Microscopic photo: (a) midlayer before DCB test and (b) cracked surface
after DCB test
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Figure 4.16.: Side view of the specimen during DCB test process
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(see Fig. 4.11) was more stable due to the smaller crack jump. It is worth mentioning that
the DCB specimen between two plastic pieces appears much thicker in the microscope than
in reality, due to the polishing effect in specimen preparation.
Figure 4.17.: (a) Side view during DCB test process, (b) fracture surface of the opened
DCB specimen, and (c) fracture surface of the opened ZDT specimen
4.4.2. Delamination Mode II
Fig. 4.18 shows the experimental traction-separation relations obtained from the DNS test
on the paperboard specimens bonded with the clamp along CD. It shows a much more
pronounced load drop in the fracture zone than the one obtained from the ZDT test (see
Figure 4.11). After crack initiation, the crack grew unstably until total failure. Therefore,
the test is not suitable to characterize anything other than crack initiation. This test was
used to determine the penalty stiffness, KII, and the maximum shear stress, τ
max
II , solely.
Accordingly, the mean values of KII and τ
max
II were found to be 25.1± 1.2 MPa/mm and
1.03± 0.03 MPa for CD, respectively. Here, the value of KII also resulted from the initial
slope of the measured curves, and the value of τmaxII was determined by averaging the
measured maximum shear stress.
Fig. 4.19 shows the comparison of numerical and experimental load-displacement curves
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Figure 4.18.: Traction-separation from the DNS test along CD
for ENF specimens along CD. From the respective experimental curves, the value of the
remaining cohesive parameter, GIIC, was obtained using Eq. 4.1. As shown in Fig. 4.20,
a crack growth resistance curve (R-curve) displaying GIIC versus crack extension can be
constructed by substitution of the load P and the corresponding crack length a into this
equation. Toughness values, referring to the load at the onset of nonlinearity, visual stable
crack extension, and maximum load, are shown in this curve. The lower bound value of
GIIC was always given by the non-linear initiation points, and then a pronounced rising
R-curve was observed, resulting from fiber bridging effects as presented in Section 4.4.1.
Finally, it approached a more or less stable region of approximately constant GIIC after
around 12 mm of crack propagation. Note also that the measured GIIC was lower than GIC
from previous DCB tests. It is most likely due to the fact that the inter-fiber bond can
sustain much higher deformation in peeling loading state than in shearing loading state,
referring to Magnusson et al. [2013]. However, further study to understand the mechanism
should be conducted using microscale experimental and modeling techniques, cf. Fischer
et al. [2012], Hirn [2015], Magnusson and O¨stlund [2013]. The mean value of maximum
fracture toughness, GIIC, at about 0.075 ± 0.005 MPa ·mm, together with the value of
maximum traction, was input to the numerical ENF simulation. Accordingly, the R-curve
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behavior due to fiber bridging in the ENF specimen was taken into account in the FE
model. As expected, the FE model overestimated the maximum force at crack initiation,
but the upper and lower FE curves bonded the subsequent crack growth records very well
as shown in Fig. 4.19.
Figure 4.19.: Load-displacement relations for ENF test and simulation with various frac-
ture toughness along CD
Furthermore, it is of interest to note that no significant non-linearity was observed in
the experimental curve of Fig. 4.19 prior to the maximum load being attained. Following
this maximum, there was a slow decrease of load until complete surface failure. The
most probable explanation for this observation is that the bridged fibers in the cracked
region still contributed to the total load during the ENF test. When opening the cracked
specimen, a high number of bridged fibers were found to connect the paperboard layers in
the failure surface as shown in Fig. 4.21.
Finally, it is worth noting that to fully characterize the sliding mode, the interface
properties along MD should also be characterized following the same procedure. The
interface behaved stiffer and had a larger maximum shear stress when loaded in MD than
in CD, as shown in Fig. 4.22. This is most likely due to the preferred fiber orientation in
the MD direction. When the fibers were in the direction of the crack growth, they were
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Figure 4.20.: Crack growth resistance curve (GIIC versus measured crack length) along CD
Figure 4.21.: Side view of ENF failures specimen
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either in tension or compression. When fibers were perpendicular to the crack growth
direction, they bended rather than compressed or stretched. This bending was softer and
allowed more deformation without failure. Therefore, the MD direction with more fibers
in the crack direction showed a stiffer interface with a more linear path until failure while
the CD direction, with more fibers transverse to the crack growth direction, was softer and
more non-linear. The preferred orientation of the microstructure resulted in anisotropic
interface behavior.
Figure 4.22.: Traction-separation from the DNS test along MD and CD
4.5. Conclusions
The interface properties of paperboard have been evaluated both experimentally and nu-
merically. The paperboard was first glued to plastic or metal platens, and then used to
characterize the interface fracture properties under pure mode I and mode II loading. Ac-
cording to the previous discussion, the following points should be noted when examining
the interface properties:
1. For the paperboard specimens tested, the ZDT test was sufficient to fully characterize
the mode I crack growth response (GIC and τ
max
I ). This is in contrast to many other
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material systems where crack growth in such tests is unstable and therefore only
initiation parameters (τmaxI ) can be obtained. For paperboard, the crack growth was
gradual and stable.
2. The DCB test, which is traditionally used to obtain GIC, was used to validate the
model and showed that the values obtained from the ZDT test were sufficient.
3. The method of creating a pre-crack also appeared to make a difference. The DCB
specimens, with a pre-crack made by insertion of a film, did not have a sharp crack
tip and only behaved similarly to the model after having been initially opened.
4. The DNS specimen leads to an unstable crack growth, failing to identify the frac-
ture toughness of pure mode II. Instead, the maximum value from ENF R-curve is
recommended to define the toughness.
5. The fracture properties were not the same in MD and CD directions because of a fiber
orientation bias. The mode II response was stiffer and stronger when more fibers were
oriented in the crack growth direction. When more fibers were oriented transversely
to the crack growth direction, the response was softer and highly non-linear, probably
due to bending of interface fibers rather than extension and compression.
In addition to this study, further mixed-mode testing is required to fully describe de-
lamination during the paperboard creasing process.
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5. Summary and Outlook
The present dissertation investigates the effects of the degree of fiber misalignment on
the predicted overall mechanical properties with a microsphere approach, the anisotropic
behavior of the paper sheet with an orthotropic elastic-plastic model, and the interface
delamination behavior with a cohesive zone model.
In order to evaluate the influence of fiber orientation on the macroscopic properties,
a microsphere-based homogenization procedure based on the assumption of von Mises
distribution of fibers orientation has been proposed. As an advantage, the ODF can
straightforwardly be incorporated to describe the material anisotropic behavior within the
multiscale modeling process. With this method, the influence of the fiber misalignment
on the macroscopic properties has been discussed. Finally, the structural tensors based
model and HFGMC are adopted for comparison and all three methods agree well with
experimental results. However, the microsphere approach allows to easily include fiber
misalignment.
To further describe the highly nonlinear mechanical behavior of paper, an in-plane
elastic-plastic constitutive model has been presented. The elastic part of the model was
constructed by involving the concept of structural tensors, while the plastic part incorpo-
rated combined hardening effects in addition to the yield criterion proposed by Xia et al.
(2002). By using the elastic free energy, the introduction of the structural tensor related
the elastic anisotropy to the principal directions of paper. The calibration procedure for
the elastic part of the model showed the physical meaning of the material parameters used
in the elastic energy function. It also turned out that the calibration procedure for the
plastic part was straightforward and easily handled. With the fitted parameters, the model
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was shown to predict in-plane stress-strain behavior for other orientations satisfactorily.
Furthermore, another validation experiment, the punch test, was conducted to investigate
the performance of the model. The predicted strain field was compared to the measured
one, displaying a reasonable agreement. Consequently, the numerical examples showed
that the current model was suitable to simulate the in-plane anisotropic deformation of
paper. Finally, since all the equations were derived in a thermomechanically consistent
framework, it can be easily extended in the future to consider the out-of-plane deforma-
tion, which exhibits significant large strain both in normal tension and compression. This
will enable the simulation of complex loading conditions, such as the paperboard creasing
and folding process.
According to the paperboard interface studies, it was found that the ZDT test was
sufficient to fully characterize the mode I crack growth due to the gradual and stable crack
propagation. However, the DNS specimen leads to an unstable crack growth, failing to
identify the fracture toughness of pure mode II. Instead, the maximum value from ENF
R-curve is recommended to define the toughness. In addition to this study, further mixed-
mode testing is required to fully describe delamination during the paperboard creasing
and folding process.
The current work establishes a framework to model the highly anisotropic and nonlinear
mechanical behavior of paper sheet and paperboard interface. One of the major areas of
future work is to include the visco effect, especially in the extremely high loading speed
range which usually occurs in practical creasing and folding processes. Additionally, the
combined effects of moisture and temperature on the mechanical response of paper are
important aspects for packaging products as well and should be considered in the future
study.
A. Appendix
A.1. Derivation of von Mises Distribution Function
The original form of von Mises distribution is given by
f (θ) =
eb cos(θ−µ)
2piI0 (b)
, 0 < θ < 2pi, (A.1)
where I0(θ) denotes the modified Bessel function of the first kind of order zero, and b > 0
and µ denote the concentration parameter and the location parameter, respectively [Forbes
et al., 2011]. This function can be modified to be pi-periodic and centered at θ = 0, i.e.
f (θ) =
eb cos 2θ
2piI0 (b)
. (A.2)
According to the normalization condition (2.4), the integration of Eq. (A.2) for b > 0
yields the relation
I =
∫ pi
0
f (θ) sin θ dθ =
e−b
2
√
2b
erfi(
√
2b)
I0 (b)
, (A.3)
where the function erfi(x) denotes the imaginary error function, given by Eq. (2.8). Finally,
the resulting density function for longitudinal direction is obtained by the normalization
of f(θ) with I, i.e.
ρ‖ (θ) =
2f (θ)
I
=
2
√
2b√
pi
eb cos(2θ)+b
erfi
(√
2b
) , (A.4)
which is presented in Eq. (2.6). By analogy, the orientation density function, Eq. (2.7), for
transverse direction could be defined by considering the standard von Mises distribution
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to be pi-periodic and centered at θ = pi/2.
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